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PREFACE. 


TH E ſame Reaſons induce me to epitomize and republiſh 


my YOUNG TRIGONOMETER's NEW GUIDE, 4s 


was aſſigned for doing the ſame by my TREATISE of 
_ LocaRIiTHMs, viz, the conſtant Demand for it ever 
Jince it has been out of Print, and the many Improve- 


ments that have been made in this Science, fence the firſt 


Publication of this Work, which is now near forty 


Years ago. | | 


But as the Nature and Principles of all Sciences ever 
continue the ſame, the Improvements. in each are chiefly to 

be expefied from the MoDEs, or different METHODS 7 = 
explaining thoſe Principles, and of applying them to the 


Uſes of Life. OF Ea fone Lo, 
In the firſt Compilation of this Work, I followed the 


common Routine of Writers on this Subject in à tedious 


and prolix Demonſtration of numerous THEOREMS and 
PROBLEMS relative to Plain and Spherical TRIGONO- 


METRY ; Jing little aware at that Time that there was a 
Path to this Field of Knowledge fo firaight, ſo broad, ſo 
plain, and fo ſhort, as I afterwards diſcovered in the 


THEOREMS of the learned MAUPERTUIS; and have here 
aiſels ed, elucidated, and applied to both Plain and Sphe- 


rical Triangles in various Analogies deduced e theſe 
e Cafe, | 


By theſe five Theorems here, I have demonſtrated more, 
and much mare clearly, than I have done in forty before; 

and this affords a very great Saving both in regard to the 
Expence of Letter-Preſs and Copper-Plate Print; for 
all the five Theorems are here derived from one Figure 

only, but many were neceſſary in my former Method; here 
the whole is tranſacted in twelve Pages, which employed a 
great Number there. Here nothing but a COMPARISON 

of two ſimilar Triangles, and the SUM and DIFFERENCE 
4 two given Lines, are concerned in the demonſtrative 


"By te fort to the Solution of every poſſib 


art ; whereas in the former Fork, all the ELEMENTS . 


„/ Plain and Spherical GEOMETRY were barely ſufficient 
For ine Purpaſe.. „8 J 

After having formed and tabulated all Analogies, I pro- 
ceed to illuſtrate the general Rationale of Solution in all 
n e — S- 


— — . Eꝶ—— 


Exerciſe 
and eafy. ”. . 
Not only the Selutions in Numbers, but alſo by tbe 
GUNTER, or Sliding-RULE, as likewiſe by the SECTOR, 
are laid before him in the clearefl and conciſæſt manner; 
and not only this, but he is inſtrutted in the Uſe of a New 
SCALE of NATURAL-SINES, by which ſome Solutions 
are obtained to Caſes not reſolvable by either the Sector 
or Gunter. . „ „ 
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vi Pp 2 ix &F 4;ic 4 
the Variety of Caſes both of Plain and Spherical T'ar- 


ANGLES by proper Examples of Natural and Artificial 


ines, Tangents and Secants as found in the CANON 


of LoGARITHMS. 


But though this might ſuffice for the intelligent. Young 


Trigonometer, I have yet thought it expedient for Students 


in general, to give the APPLICATION of PLAIN TRIGO- 


 NOMETRY in the ſeveral Problems of ALTIMETRY and 


LoNGIMETRY ; and as I am well aſſured if theſe Ex- 


amples are well underſtood, it will be quite unneceſſary to 


repeat the ſame over and over again in the ſame Triangles 


applied to other Arts, as in Surveying, Navigation, E or- 
tification, Gunnery, &c. &c. which makes almoſt half 


the firſt Volume of my former Wark. 


In like manner near half the ſecond Volume was taken 

6 in the APPLICATION of Spherical TRIANGLES 0 

Geography, Aſtronomy, Dialling, Great Circle Sail- 

ing, Cc. which amounted to little leſs than teaching thoſe 
ſeveral Sciences at large but that is not my Deſign now ; 
of my ace ts few t 


Triangles uſed in theſe Sciences are formed on the Surface 


e Young Trigonometer how all the 
of the Globe or Sphere, and then the Application of them 


to every Caſe that may occur, will be @ proper Praxis or 


ſe for him; and which he will find both delightful 


But the moſt valuable Improvement in this Science, we 


owe to the happy Genius of the late learned Mr. Cotes, 
which he publiſhed under the Title of the ESTIMATION of 


ERRORS in mixed Mathematics ; Ars Treatiſe I had 
never heard, when 1 compoſed my larger Mor; nor have I ſeen 


it adopted ſince into any Treatiſe on this Subject, which is 
the more o be wondered at, becauſe it does in a moſt peculiar 
manner relate to the Eſtimation and Correction of Errors, 
ariſing from trigonometrical Obſervations and Opera- 
tions. For this Reaſon I have given ample Specimens 0 
| 5 . 
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the Nature and Uſe of this Method in two Chapters 
under the Title of, The PRINCIPLES of Fluxionary TRI- 
GONOMETRY, Plain and Spherical, which I have illuſ- 
trated by the celebrated Author's own Examples, and ſome: 
others equally curious and intereſting. In ſhort, any com- 
petent Fudge in theſe Matters, cannot but know, and will 
readily allow, that without theſe new Fluxionary PRIN=- 
CIPLES, 'I'RIGONOMETRY muſt be very imperfect, and 
its Profeſſors but half-learned in their Art. 
This EpiTOME of TRIGONOMETRY naturally follows 
the COMPENDIUM of LoOGARITHMS which I lately pub- 
iſhed ; and both together make the third and fourth Parts 
of the Mariner's MIRROR; for TrIGonomETRY 
and LOGARITHMS. are the two PILLARS upon which 
NAvIGATTION wholly depends; and therefore it is, 
that I have not given particular numerical Examples for 
ſolving oblique ſpherical Triangles by theſe Theorems 
without a Perpendicular, as many ſuch may be found in 
the firſt and ſecond Parts of the ſaid Mariner's Mirror, 
to which J refer the Reader. - | 8 
To conclude, an Encomium upon the SUN would«not be 
more abſurd than one upon I RIGONOMETRY, as it is well 
known to be the entire Baſis of all GEOMETRY, and 
every Mathematical Science. The very firſt Propo- 
ſition of EUCLID is concerning a TRIANGLE; and the 
_ greateſt Diſcoveries in every Age have originated from a 

_ Contemplation and Compariſon of the Properties of thoſe 
uſeful Figures. 3 3 1 5 
Now if TRIGONOMETRY be of ſuch Importance in it 775 
Hoꝛo highly muſt we conceive of its Uſefulneſs ſince the In- 
vention and Application of LOGARITHMS thereto ? But 
to give it its ee! Perfection, the © all-compleating 
SCIENCE of FLUxXIONS afforded it every Affiftance it 
could poſſibly require ; and in theſe moſt advantageous Cir- 
cumſtances it is here preſented to the View 7 all whoſe 
Minds are delighted and captivated with uſeful and ſublime 
Improvements in Mathematical Science.. 
And becauſe the Young "TRIGONOMETER may not com- 
plain of any Deficiency in this Treatiſe, I have added the 
Method of ſolving Oblique Spherical Triangles, by fix 
Subſidiary Right-angled Triangles, tag a 

Anthor, on account of its Novclty, 
Uſefulneſs. 


foreign 


ingularity, and 
THEE Another 
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Another curious Invention for the ſame Purpoſe I have 
likewiſe inſerted from a French Author, which by means 
of the Suus and DIFFERENCES of the Sines, Co-fines, 
and Tangents of tws Arches, ſolves all thoſe Caſes by the 
Trigonometrical Canon of Logarithms only, © 

And uf ny young Putil ſhould ſay, he is obliged in 
Verba Magiſtri jurare, I have fhewn him the May to 
Prove that the Value 4 every vine, Tangent, and Secant, 
is the ſame as he finds them in the Natural Canon. This 
pag coin he may ſeek for in vain in other ſhort Trafts 
on this Subjett.  _ an” 
Theſe fifteen CHArTERs contain all that I think pro- 
perly —_ to the SCIENCE of TRIGONOMETRY ; nor 


can the Tyro in theſe Studies be ſuppaſed ignorant of the 


Subject of any one of them with HONOUR 10 his literary 
CHAKACTER, © 988 e 
Here I ſhould have deſiſted, had it not been for a very 
cogent Reaſon, viz. That the PRINCIPLES of the Stereo- 
graphic PROJECTION, by reaſon of their extenſive Uſe in 
all the Branches of Spherical Geometry, and their pecu- 
liar Affinity to the trigonometrical Part, recommend 


 therhſebves fo firongly for the Completion of this Science, 


that I could not juſtify myſelf in denying my young Readers 


à compendious VIEW and APPLICATION thereof, to- 


gether with an [!luſtration by Examples in Spherical TRI 
ANGLES, and the CONSTRUCTION of MAPS and DIaLs. 
And for this Purpoſe only, I have added the 4th Plate, 


as a Mathematical Memento, or Remembrancer, to the 


' Young TaIGoN0METBR, in the Courſe of his Studies. 
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. Elementary DzriniTIONS int 


ANALOGIES, for Plain and phe 


ical Tarox o EV. 


k. „ reg RIGONOMETRY is the 4 n 5 


I z puting the Quantity of the Sides and 


e Angles of a TRIANGLE that are un- 


known, from others that are given or known. If the 


Triangle conſiſts of Right-Lines, it is called Plain | 
 Trigonometry ; but if the Triangle be formed of three 
Arches of great Circles, it is then called ber Ter- 


GONOMETRY. 
2. In Spherical TRIGONOMETRY, the 8 or 
| Mehr, of the Angles and Sides, conſiſts of a certain 
Number of equal Parts called Degrees, Minutes, Seconds, 
Thirds, &c. into which the Periphery of a Circle is 


ſuppoſed to be divided; this Diviſion of a Circle is 
into 360 Degrees; each Degree into Eo Minutes; each 


Minute into 60 Seconds, and ſo on in a „ 
Manner. 


4. In like Manner, the Meaſure of the 1 of A | 


| plain or right-lined Triangle, is the Arch of a Circle; 
L 


bat | 


: 1 4 % 


DxF1R1TIONS and ANALoG1ts 


2 


but the Meaſure of its Sides are the equal Parts of fame - 
frrait LINE or SCALE, conſidered as a ſtandard Mea. 
ſure ; as a Pole, a Yard, a Foot, an Inch, &c. 
5. The Rapivus of a Circle, or Semicircle ABD 
(Fig. 1.) is half the Diameter AD, viz. AC, or CB, 
or CD; or it is the Length with which the Circle is 13 
deſcribed on the Center C. | 
6. According to the different Lengths of the Walls, 
the arch of the Circle which meaſures the ſame Angle 
will be proportionably different. Thus the Arch DF. 
meaſures the Angle FCD to the Radius CD ; and the 
Arch OP meaſures the ſame Angle to the Radius CP. 
And nw : Or: CP. | 
7. A CHorD is that Right Line which j joins the two 
extreme Parts of the Arch of a Circle. Thus the 
Line IS is the Chord of the Arch IBS. It is alſo ſome- 
times called the Subtenſe of the ſaid Arch. 
38. The SINE of an Arch is a right 3 drawn from | 
one End of the Arch perpendicular to the Diameter of 
the Circle paſſing through the other End; thus IV is 
the Sine of the Arch IB; IK is the Sine of the Arch 
IA; FG the Sine of the Arch FD. Note, the Sine 
ts half the Chord of twice the Arch; thus IV is half IS, 
the Chord of IBS=alB. 
9. The Co-SINE of an Arch is the Sine of the Com- 
pflement of that Arch to go, or a Quadrant; thus the 
Complement of the Arch DF is FB, the Sine of which 
is FH, therefore FH (=CG) is the Co-ſine of the 
Arch DF. Alſo FG is the Co- ſine of the Arch FB. 
10. The Verſed Six k of an Arch is the Part of the 
Diameter of the Circle intercepted between the Sine 


and the Circle; thus GD is the verſed Sine of the 


Arch FD ; and AG the verſed Sine of ABF, which is 
EL : A the 


fr Plain and Spherical TxIcoxoMnTRy. | ? 


the Supplement of the Arch FD to a Semicircle, or 
1808. 

11. The TANGENT of an Arch is a Right Line 
which touches the Circle in one Extremity of that 
Arch, and is cut hy a Right Line drawn from the Cen- 
ter through the other Extremity of the Arch. Thus 
AM is the Tangent of the Arch AI; DE the Tangent 
of DF ; and PR is the Tangent of the Arch OP or 
che Angle OCP to the Radius CP. 

12. TheStcanr of an Arch is a Right Line drawn' 
from the Center C to interſect the Tangent of that 
Arch; thus CM is the Secant of AI; CE of the Arch 
FD; and CR of the Arch OP to the Radius CP. 

13. The Co-TANGENT and Co-sFECAN of an Arch, 

are the Tangent and Secant of the Complement of that 
Arch to 909. Thus BN is the ts a and CN 
ay 2 of the Arch DF. 1 
| . The moſt conſiderable RELATIONS Ind Pro- 
5 of theſe Lines are deducible from the ſimilar 
Triangles they compoſe in the Figure. Thus the ſimilar 
1 riangles FCG and ECD ive FG: G;: ED; 
D. i. e. The Sine is to the Co jine, as the Tangent is ts 
the Radius. 

'I5- In the ſame Triangles we have FG: ED: 
CF: F. that 1 is, £ The Sine is to the Tangent, as Rodin 
10 the Secant. 

16. Alſo we have, CG: CD:: CF; EE. i. e. C5 
fine is to Radius, as Radius to the Secant. 

17. Again, the fimilar Triangles EDC, CBN, give 
ED: DC:: CB: BN. i. e. The Tangent 1s to Nania. 
as Radius to the Co-rangent 

18, Hence becauſe AM : AC: CB: BL, we ſhall 
have The Tangent ED ef one Arch FD, t the Tangent 

1 AM 
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4 
AM of anotler Arch Al; as the Co-tangent' BL of the 2 
| ter to the Co-tangent BN of the former. | 
109. The T riangles ECG, and CBN, give FG: 8 
CE : : CB: CN. i. e. The Sing is to Radius as Radius 
io the cee. 
20. Therefore alto. becauſe IK: 1O :: CB: CL; ; 

it will be, As the Sine FG : the Sine K: Co- -ſecant 
CL 4 the latter Arch : Co rw CN of the former. 


The PRINCIPLES of Spherical GEOME TRY, | 
in Fundamental T HEO REMS. 


21. T ET Py be the Ax1s of the SpRERE; AKA 
: the EuATOR; PApa the MerinDiang 
_ HX the HoRIZZOoN ; Z the ZENITH; E the Pen of | 
2 STaR; LE! a PARALLEL of ALTITUDE paſſing 
through it; DEd its PARALLEL of DECLINATION ; 
_ ZEz the VERTICAL CIRCLE, and PEp the ee 
paſſing through the Star. (See Fig. 2.) 
22. The Diameters of theſe Circles being drawn, 
and the Lines of the Interſections of their Planes, there 
will be formed the right-angled ſimilar Triangles 
BEF, CST; and CRV, GEF; on the inſide of the 
Sphere: and upon the Surface thereof, the Oblique 
Spherical Triangle PZE. 55 
23. We ſhall denote the three Sides of this Triangle 
by the three Letters A, B, and C, as in the Figures 


4 and 53 and the three Angles by the Letters P, Z, E, 


which 


* i Gs BOMETRY, ". es 3 9 


which! ; are placed by them. Alſo the Radius, Sines, 5 
and Co-ſines, of the Sides and Angles, are denoted by 
ſmall Letters, as in the Table below: 


The Radius of the sphere — r=CA, cn, &c. | 


The J Sine of the Arch AD - _ 
© { Co-fne „ LE BD NC. 


Sine of the Arch 8 POR ct B. 
The 16; line „ SEB. 


he Sine of the Arch HL - þ=CG=s A: * 
T Co- line - — F=SGLEA. : 


— 


— 


The Sine of the * 2bE - 2 
1 line - : — 2 Det P. 


| The ler of the Angle PZE. Pe Z. 
Co-line — — ho n=CV=cs Z. 


24. It is evident from the Analogy (14) That the 
Sine divided by the Co-ſi ne of any Arch, is equal to the Tan- 
gent of that Arch, ſuppoſing Radius r=1.- Alſo, the 
Cf V ne arvided Y the Sine is equal to Foy Co-tangent. 


ſ —=tAD, 0 or ct C. 


1 AZ, or ct B. 


Bs 
"Hence we ſhall 4 Mo HL. or cr 5 
| R 


have 


— — = ZPE, or 2 P. 
. PZ E, or Z. 


„ 


25. The Values of ſome elementary Lines are next 
| to be determined in Terms of the Sines and Co-/; 4 nis, of 
the 


„ TOPS. 


6 he PrriteryL vs and Tarores | 


the Sides and Angles of the ſaid Then PZE, Sieh 
is done by Analogies afforded by ſimilar Triangles in 
the following Manner, The ſimilar Triangles CST 
and BFE give the following Analogies, viz. 

x. CS: ST.: BE: EF, that is, 7. f y: £ 
EF. „„ 
3 CA: Of: BD: BF, ——; 1 5. — 3 55 
„ . 
26. The ſimilar Tarn GFE and CRV give 

1. CR: RV: GE: EF, that i boy. „ mi 


| Wr. 5 


** 


2. CH: CV. GL: Gr. 11:4: — 

37. The ſimilar 8 CPQ and CBO give 

-"$:-PQ: CP: CB: LD, that is, $3 1: * 
==CO. 5 5 


1 | | 
2. PQ: C: CB: BO- tient BO, 
28. The Value of the Lines BO, £0: Gp. EF, 


and BF, being known, we from thence raiſe the fol- 
lowing Five e THEOREMS, It is evident 


khat SO -CO== — 


1 


ae and the ſimilar Tri- 


hs re 


3 


ales FGO and PCQ give. c: 
EE, And (becauſe BO+OF=BF) we 3 


c 
cc -! Fr 


E 


Dd 


— 2 2 „and therefore 8 Whence 


1 r 
putting =I, we have 


(a8. 27.) That 1s (hecails cc rr 


THEOREM . 44 C B x 5C * s P. 


/ 


of Spherical Gromeray. 7 
29. The ſimilar Triangles PQC, FGO give ric: 
: O (26.) Then (becauſe CO OGS CG) 


— > by 
we have D 5. (27. ) Therefore rrx+net=rrh | 
Hence 


THEOREM II. 60 ＋ x5B Ages x A. 
= The an Triangles CRV, EFG give m: n: 
yt. 


2 FG 65 ) And the Triangles QC, O 5 
give g : 2 FO= =. Then (becauſe FO+OB 


=FB) we han LE == (25.) Hence Hut + rms 


ms 
=myu 3 | which gives in Kinks and Tangents, 


THEOREM III. P +1Z * 40 * BZ * B x es. 
I The ſimilar Triangles hoy FGO give gr: 


= ro. (26) Alſo $:c:i—: =:GO=E a Ad 


5 8 = 22 (=00-G0 3 n the ſimilar Tri- < 
angles PCQ, and CBO, give 7:c: ks tw = : 0 B = 


rs 


rich —mhee But F 0 + OB: EF:: eee mk | 


mrs 175 2 Tſe 22 
which reduced, gives rcbt + mabt=rmbut 3 3 whence 


THEOREM IV. e end lin i e eee 


32. The common Section of the Almicantarath LEI, 
and the Parallel DE deſcribed by the Star, give=— * 
7 


5 (25, 26.) Therefore 14. Whence . 


THEOREM V. EAV 5 
en 2 CHAP, 


5 vo? 


ANALOGIES Sas the ResoruTton 


0 H A P. III. 


The Aten for the REsol u TON of 
all the CAsEs and VARIETIES of Right 
Angled Spherical TRIANGLES, derived 
from thoſe THroREMs, 


25 HE Five TuxoxRUs foregoing, e e 
- 1 almoſt the whole Science of Spherical 
' GeomerTRy ; at preſent we ſhall apply them to the 
Inveſtigation of ſuch Analogies as furniſh us with So- 
Jutions to the ſeveral Caſes of Right Angled Spherical 
TRIANGLES. 
34. In order to this it muſt be conſidered, that any 
Angle Z of a Spherical Oblique Triangle PZ E, may 
be ſo varied as to be greater, equal to, or Lf; than a 
Right Angle; and in the Triangle before us (Fig. 2) 
it is evident, that when the Star E in its Parallel Dad 
comes upon the Prime Vertical Lx, then the Angle at 
2 is a Right one. And the Triangle then becomes a 
Right Angled one, as ſhewn in Fig. 3. by PZE. 
In this Caſe, it will be eaſy to ſee that the Sine 
of the ſaid Angle Z is equal to Radius, or m=r=1x; 
and that the Co-fine =o, or vaniſhes. And conſe- 
m_ in theſe Theorems the Terms multiplied * 
cs Z, will vaniſh alſo; and SZ f, every where; 
| = ſo the Theorems wherein the Angle Z i is con- 
cerned, will ſtand as below: 


Theorem II. x= 65 gives CE x A, 
III e 1 =ct x Bes P. 
IV. cht=ku SBxaA=dP. 


V. . eee, 


of Right-angled SPHERICAL T RIANGLES, 9 


36. Theſe Equations PE the following ANALO- ; 
GIES, Viz. 


AnaLocy I. As Radius nt har | 
I. 1 B: A: . 
III. 1 P. ctB: QC: : C: B (18). 
IV. — IB: i: u. 

37. To theſe we muſt add two more Analogies de- 
ducible from Quadrantal Triangles as follows. Let the 
Sides EZ, EP, ZP (Fig. 3.) be continued out till 

they become Quadrants in the Points N, F, and D; 
alſo continue the Arches PF, PD, till they become 

Quadrants in I and H. And then Arches of great Cir- 

cles drawn through the ſaid Points N, F, D, and E, I, 

will interſect in G, and there will be formed the ſeveral 

Quadrantal Triangles NEF, ZDN, IPH, and IGF; 

in each of which there are two Right Angles REG to 

two quadrantal Sides. 8 

38. In theſe Triangles it is evident the Arch NF— oo 1 
GD E; HI=P; the Angle D ZN; therefore in 
the Triangle GHD, right angled at H, we have (by 

Analogy I.) Kadius: G: 5D: «GH, which in the 
Triangle EPZ, gives 15 

f ANATLOOY V. Radius: E:. :csA:cP. 

39. Again in the Triangle PFD, right angled at F, 
we have (by Analogy IV.) Radius: PF: HI: DF; | 
this in the Triangle EZP, gives 


ANALOG Y VI. Radius=1 C: P: E. 
40. In a Spherical Triangle there are ſix Parts, viz. 
_ three Sides, and three Ang les; and as one of theſe Angles 
(viz. the Right one Z,) is always given, ſo if any two 
of the other five Parts be known or given, then by the 
above Analogies, the three unknown Parts will be 
found, as will appear by the following Table of Solu- 
| tions 


10 


ore for the SoLuT oN 


tions to the three Caſes in each of the Six Varieties of 
the D. or Parts given. 


41. The SoLuTION of Right Angled Spherical 


TRIANGLES. 
4 Parts 7 | | 5 I is Ana- 
| 18 given Sought * SOLUTION logy- 
JOne side Eo on, 
A, and | B. Rad.: SA:: E: zB. IV. 
the ad- | C. ſesE: Rad.: TA: 1C. III. 
| jacent a Rad.:5E::OA ; o&P. | * 
r FF | 
| |ASideB) A. E: Rad.: 5a. Iv. 
1 N C. PE: B:: Rad. 20 1. 
ö E hs -_ 65D : Rad.: : CE: P. . 
——"THyp: C. A. Rad- E= CN II. 
VCC Rad. : Ci: hr aBiE Tf: 
. Rad. : : (HE: iP. VL | 
1: Two | G.  fTRad : oBÞ; oGEIL 
a Sides! E. A: Rad. :: tg: E. IV, | 
. Aand B.I P. EB: Rad.: : 7A: P. [IV. 
a 8 8 5B: Rad.: : oC: cs. II. 
Side B "4-2 WC: Rae. 58 56, | 
„ YG: Ka; 4 1B: cb. III. | 
1 10 5 A I cs P:: Rad.: 5A} V. 
1 | Angles :|- B. PP: ME: N. eng. .. 
E and P. 3 ctE : : Rad, «CG, Vi. 
HAP. 


- 


CHAP, IV. 


An INvEsSTIGATION of the ANALOGIES 
for ſolving all the VarIETY of Cas 


of Oblique Spherical Tx IAN orks. 


42. N oblique Spherical Trinnighs: EZP (See 


the other three may be found by Means of the fore- 
going ix Analogies, and four more to be inveſtigated 
from them in the following Manner. 


43. From an Angle P let fall the Perpendicular PQ 


upon the oppoſite Side EZ (continued out, if required) 


then there will be formed two right-angled Spherical 
| Triangles PQE and PQZ, which (by Analogy III.) 


give the two following Proportions : 


oi. Thus: F 20. 


have 
Ax AL Ov vn. C: B:: „Z! PE. 


44. In the ſame e we have (by Analogy II. * 


= Radius: cQP % E: EP. 
The Raten Radius: cQP : : PZ. 


Hence Anal odr VIII. 6E: :csEP: : c: PZ. 


45. Again (by Analogy V.) we have theſe  rogots 


| tions : 
” (Radius: SE PQ:: 0p FD - 
viz, Radius: SLPQ-: : csQP : c. 


Hence ANALocy IX. oE:o©L; EPO ZPO. 


8 46 Laſtly; 


of Obligue SPHERICAL TRIANGLES, 11 


Fig. 4 and 5.) having three Parts known, 


Radius; 2: * 12: 10. 15 therefore we 


4 At rt oil DR AS HI oo oe 
* : * * 
: 2 +, 
» * 
* 
4 
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456. Laſtly; we have (by Analogy Iv.) theſe 


3 Radius: -QE ;: E: QP. 
 Froportions 1 Radius: «QZ: : 1Z PO. 


Hence r X. QE: Q. WA E. 
47. The laſt general Theorem 32.) furniſhes us 


with the Proportionality of the Sines of the Sides to the 
Hines of their oppoſite Angles, viz. 


ANALOGY XI. A e 
48. In Caſe the Angle Z be obtuſe, or greater than 


9o', (as Fig. 5.) then EQ-ZQ=EZ, and EPQ— 
OPZ=EPZ; but the Angle Z being acute (as in 
Fig. 4.) the Perpendicular PQ falls within the Tri- 
. and then the Side EZ EQ QZ; and the 
Angle EPZ=EPQ+QPZ. 5 


49. In the Solution of the Triangle, the Perpendi- 


cular PQ muſt be let fall from the End of a given Side, 
and oppoſite to a given Angle. 


50. There are in an oblique Spherical Triangle alſo 
Six Varieties in the Data, the four firſt of which have 


all their Caſes ſolved by the Analogies above; and 


the fifth is ſolved by Theorem I. (28.) 1 
51. The ſixth Variety is alſo reſolvable by the ſame 


Theorem, becauſe the Angles of the Triangle EPZ | 


(Fig. 2.) are equal to the Sides of another Triangle CIK, 
ſuppoſing C, I, K, the Poles of the great Circles PAp, 


ZEz and PEþ; becauſe the Inclination of the Planes 
of any two Circles is equal to the Diſtance of their 
Poles; therefore the Angle P=CK, the Angle Z=Cl, 


and the Angle E=iK. So that the ſame Theorem 


equally ſerves for the Solution of the fifth and ſixth 


* ariety. 


— i 


5 


of Oblique SPHERICAL TRIANGLES. 


52. The SOLUTION of Oblique Spherical TRIANGLES. 


I2 


r „ 


— — — Afi 


< | **1 n 7 — 3 
2 Given G. 8 w OLUTION Analogies 
=] _ |. | yy he | . 3 

Two An- C| E: 5 0. XI. 
ard BY B 1QZ III 
1 und an [A 1 2 * k S . 
| Z: QE! . 

oppoſite * 
| Side B. P csB : Rad. : : ctZ : 10 P 7 W VI. 

| 0 = : &E: : SLPQ: EPO | IX. 

{to | TEGC: Rad. off: EPG VI. 
| Z Then EPQzXEPZ=QPZ ; | 5 
Two An- | C Then EPO. ZPO.: E . Ix. 
gles E, P, — — 
12 =p 8 B | F the Angle QPZ, as above. 21 | 
{ lincluded | | C Then cQPZ : c E: C: B. VII. 
wh 3 N This is found in the fame Manner by a 3 
- Perpendicular from E to hn con-! | 
| | tinued out. | | TY | 
Two [a |FRad: E /C : 1QE III. 
a A ad: CS III. 
* ITC: oiB :: ce E : WI EXU=4 A. „ VIII. 

.. jan „5 — | 2 . 
5 jand hs p cg C: Rad. :: AE; EPG = 8 VI. 
5 oppoſite — tB : coke Anke ZN. E VII. 

: Angle E. 2 TY 25555 E 
Fee CEC FEZ III. 

[Two iu * E. 2 :: SC : cs. = 2 VIII 

| ides A - 
| |, any 158 q Ting 2. 'Q, as above. Then Qs E: X. 

” land thge | 3 13 
fſincluded This is found in the te Mice by 
Angle E.jP letting fall a en from Z, 

3 | | | to the Side EP. 1 | 
EN 355 e = ABI „ f 

ae P. b 
All the 4 | B XC 7 = at Art. 28. 
5 3 . =. e, Sans 
a.R.O.; E . 5 8 8 XI. 
5 | z | A iP i: C: - XI. 
= The x fy BN Conſider all the Angles as Sides, b 
146 Angles, A Then CP CgE xc A. Th 7 
| P, Z, E. | | " EXL N e 5 
oY i | | ” 


— 9 of * * 

. : ODIN 

— YG. cr 

- - ae] l 4 alt a = g 
1 PA 2 8 p 2 ES 
= OY EE TT EIT 
— as a — 
— 
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„ ©  Avazocnes for the SOLUTION 


53. 1 might here ſhew how the Cafes of the four 
' Grſt Varieties might be ſolved by the five fundamental 
TuxkokzMus, without a Perpendicular ; ; but ſhall wave 
that Matter for the preſent. 

54. It muſt be remembered, that only one of the 
_ five fundamental Theorems has a negative Sign; viz, 
hs —rx 


| the firſt (at 28. ) and that ſinee GC CO =, the 


Signs will be d ifferent when the Almicanibarah L cuts 
CZ below the Point O, for then it will be GO= CO 


rx —5sh 
e 
Ss. Every right-angled Spherical Triangle has its 
Supplemental one; and therefore, when an Angle, and a 
Side oppoſite to it are given, the Baſe and Hypothenuſe 
ſought will be ambiguous, becauſe they may be thoſe 
of one Triangle as well as of the other, the Sine of an 
Arch and of its Supplement being the ſame. (Art. 10.) 
56. Alfo in an Oblique Triangle PZE, all the three 
Caſes of Variety III. will be ambiguous when the Side 
Pis leſs than the Side EP; for the Angle Z may be 
acute or obtuſe; and the other Angle P, and Side A 
Vill be of different Quantities, as they relate to the 
Fig. 4 or 5, as is evident from a bare View of them. 


of Right-angled PAN Frrancts, = 13 


The ANALOGIEs for the Sol UT Io of 
all the Cases of Right-angled PLAIN 
TRIANGLES. 


57. HE Solution of a plain right-angled TRI- 
ANGLE depends entirely upon that of a Sphe- 
rical one, as is evident from hence, that ſuch a Spheri- 
cal Triangle, by ſuppoſing the Radius of the Sphere 
infinite, becomes a plain or right-lined TRIANGLE; 
ſince in that Caſe, the verſed Sine GD of any Arch DF. 
vaniſhes; and the Sine GF and Tangent DE do both 
coincide with the Arch itſelf, which then becomes a 
Fight Line, (See Fig. 1.) 


58. It is al ſo evident, that ſince the es Arber of a. 
Plain Triangle are equal to two Right Angles, if one of 
them be a Right Angle, as in the preſent Caſe, the 
other two will be together equal to go Degrees; there- 

fore if one Angle in a right-angled Triangle be given, N 
they are all given; but yet they are not ſufficient Data 

for the Solution of the Triangle, ſince all limilar Tri- 

angles have the ſame equal Angles. 

59. Another thing to be obſerved, is, that the Square | 
„f the Hypothenuſe is equal to the Sum of the Squares of the 
Legs or Sides; thus C*=A*+B*, (Fig. 6.) and there- 
fore when two of theſe are given, they find the third. 


60. Upon 


— ——— — 


CT = 


EE IE IE OE RE TE OR, 


* 


ä 
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60. Upon theſe Conſiderations it will appear, thaf 
with regard to a right-angled Plain Triangle, there 
can be but Four Varieties in the Data; and but two 
Caſes in each; and that the Canons for their Solutions 
are the ſame as thoſe for the ſame Caſes of a Spherical 
Triangle, contained in the Table at Art. 41. if for the 
Sine or Tangent of a Side we take the Side itfelf. 
All which will be evident, by comparing the Solutions 
there with thoſe in the following Table, for a _ 
right-angled TRIANGLE: 


61. The oy OLUTION of Right-angled Plain | 


» 
* 


5 SY IAN G L E s. 
Variety] Given Sought] 8 01 * 1 
The 17. A 2 
| jpoth. C, | | „ 
1 het A 1. Rad. C:: P: A. | 
Angles | 3 Rad. C:: E: B. I 
VCC 
1 gide B L 2 Rad.: C:: „P: A. | 
B 8 ; 28 Or thus vB = A. 
he An- | 8 
les P and C E: B: : Radius : C. 
5 - E, and A E: B: 1 A. | 
i | Side B. Or Rad. : B:: iP: A. 8 | 
russides“ E A Rad. B. F. 
. A and B. | C E: Rad. : : B :B; Co 
| | q or IAB“ R. 


62. In the Solution of the * Caſe of the zd Variety, 
you have two Anzlogies, one in Sines of the Angles, 


and the other by Radius and Tangent of an Angle; 
which 


A Oblique Plain Tarancies, 17 


which latter is preferable in Practice, as it requires 
but one Operation, but the other, 9; as we ſhall ſhew 
farther on. The Reaſon of this, is evident from Fig. 6. - 
wherein, by making the Hypothenuſe EP Radius, 
and deſcribing the Arch Pb, it is plain the Side B is 
the Sine of the Angle E, and A the Sine of the Angle 
P, and therefore E: B:: 5P: A. But by making 
EZ (or the Side A) Radius, and deſcribing the Arch 
Za, it is evident, the Side B is the TIS of the 
Angle E; and therefore, Radius: A:: E: B; and 
for the This Reaſon "7 making 27 (or B) Radius, ] 
* have Radius: B:: P: A. | 
63. Alſo by making EZ (or A) Radius, the Hypo- 
thenuſe EP (or C) will be the Secant of the Angle E, 
and then we have Radius: A:: se. E: C. Or Radius: 


B: : ge. P: C. All which is evident from the Defini: 


tions of Sines, Tangents, and Secants, in Chap. I. and 
the ee 1 Plane fm milar e 


Sv ©. Vie 
The SoLuTion of Oblique Plan 
TR AN GIL ES. 


647 H E Sides of an Oblique Spherical Trizagle 
become right Lines upon Suppolition of an 


infinite Radius; and conſequently the Triangle itſelf 


becomes a plain oblique Triangle, wherein all the Angles 


ate acute, as Fig. 7. or having one Angle Z alle as 
Fig. 8 
2 65. Hence 


13 Atte for. the SoruTron 


65. Hence Analogy XI. (Art. 47.) A: P:: 0 : 
Z: becomes A: P:: C: 5Z, or the Sides of the Tri- 
angle are proportional to the Sines of the oppoſite Angles. = 
66. When two Angles are given, the third is 
known, as being the Supplement to 180*. But though 
the three Angles are known, they do not determine 
the Magnitude, or Length of any Side of the Trang 

as it does not depend upon them. 2 
67. The Sum of two Quantities (a 41 pul theie | 
Difference (a—b=4) being given, the Quantities are 
from thence given alſo; for thoſe two Equations give 
b=s—a=a—d; and therefore S+d4=20. Whence the 


greater Quantity a= =; and in like Manner the 


leſſer l L. FE 


68. In any oblique Triangle ABC (Fig. 9. ) pro- 
duce one Side BC to E, and make CE=CA; and 
bifet BE in D. Join AE, and drawing DF parallel 


to AB, it will biſet AE in F. Alſo draw CG paral- 


liel to AB. Then is the external Angle ACE=B+ | 
 _ BAC=2ACHF, and the Angle GCA=BAC ; there- 


fore if from balf the Sum ACF (=1A+3B) you take 
the lefler Angle A ACG, there will remain half their 
Difference ;B—-i3A=GCF:- Alſo from balf the Sum of 
the Sides *AC-+:BC=BD, you take the leſſer Side 
BC, there will remain half their Difference ZAC 
2BC=CD. On the Center C, with Radius CF, 
ſtrike the Arch Fb, then is AF the Tangent of the 
Angle ACF, and GF the Tangent of GCF ; and by 
ſimilar Triangles we have BD: D AP: GF, 
which .cives the following 


ANALOGY 
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ANALOGY XII. 4s the Sum of the Sides is to Hts 
Difference, ſo is the Tangent of half the Sum of the oppoſite 
Angles, to the Tangent of half their Difference. 


69. When an oblique Triangle ABC (Fig. 10.) | 


has its three Sides given, it muſt be reduced to two 
right angled Triangles ADB, and ADC ; and the beſt 
Method of doing this, is the following one of Sir Isaac 
N EWTON. Let AB ra, AC=3, BC=:c, and BD ; 
then DCS c- x. Now ſince AB*—BD*= (45 -@) 
=AD* ; and AC*—DC*= (=b*—* + 2cx—x*) AD*; 
it will be = b -a, conſequently 
Eats ae oa; +" 2-22 =BD ; then De 


ee, e 
a is known; and thus two Sides are known i in each Tri- 
angle, to find the Angles, by the Caſes of Variety IV. 
8 
70. With regard to oblique Trixnylns,- there are 

alſo four Varieties in-the Data, the Caſes of which are 
ſeverally ſolved by the Articles above premiſed. The 

Solutions of thoſe of the ſecond Variety will be ambi- 
guous, when the Side AB oppoſite the given Angle C 
is leſs than the given Side AC. (See Fig 11.) adjacent 
to it; for let Ba be drawn equal to BA; then will the 
Data belong equally to the obtuſe-angled Triangle 

Ba, and the acute Triangle BAC, nnd whether. it 
be the Angle A or a, or the Side AC or 40, that is 


found, muſt be determined from the Nature and Con- 
ditions of the Queſtion, 


D2 71. The 


— a 
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71. The SoLyTION of Oblique Ploin T*IANGLES 


franc Given % sought > 8 O L. U 1 0 N N 
ro Z The Angles)! - 8 ek . AB: tsA: BC. (65. ) 3 
| 1 ſand a Side | AC C 8 AC. 
Z Es | | 
| | | | [Two Sides | A AB: 1 "Jo: A. | Z 
2 JAB, BC; B 1 A teh. 


1 | and an oppo-| AC C: AB:: B: AC. | — 
3 fie Angle C. | | | | 
| | 
J 


—— 1 ——— K —_ 


e 1 Þ _ 


[Two Sides AB Ac: AB AC: :: fZB+C: 715 T | 
: 1 AC, AB; 4-8 5 the half Sum, and half Difference, 8 
| 3 * the in- 3 the Angles B and C are Os 


cluded Angle +] 1 Art. 67, 68.) | 
* i AB 8 A: BC. 


— 
hte... 
. - , 


— 


| .  — — 
All the three | An [AB Ae . 
. Sies. | BD | 2BC =BD. (es | 


N. B. In theſe oblique Plain Triangles, the Sides 
are denoted, as uſual, by the two Letters at the Ends, 
for the Sake of greater Congruity of this oynopls with 

the precmeing Articles. es 
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CHAP. vi. 


The Rationale of Trigonometrical PRo- 
cxssks, and CALCULATIONS 3 with, 
and without LoGARITHMS. 


. WI EN two sides of a plain nn . 
Triangle are known, the third Side may be 
wad without the Trigonometrical Canon (59.) but 
no + Solution for the Angles, nor for the Caſes of any 


other | 


' * 


* 
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other Variety, can be had without having Recourſe tq 
the ſaid Canon, for this Canon conſiſts wholly in the 
numerical Expreſſion of the Value of the Sine, Tangent, 
and Secant, of every Minute of the Quadrant in ſuch Num- 
bers or Parts of which the Radius contains 1,000000. 
73. Let the ſaid Tabular Triangle be that large one 
QCO (Fig. 1.) and let the Angle at C=23? 15 
Then the Radius being CP=CO=1,000000 
the Sine will bee OQ= 548293 
the Tangent — - PRS 655029 = 
the Sent -  -- = © CR=1,195763 ðͤ 
Alſo the Sine of the Complement CQ= * 45 836286 a 
the Co- tangent - „ I SCSSIS- 
the Co-ſecant = =- — 1,823842 
74. By this Artifice there is always a Triangle ready 
calculated in the Tables, and fimilar to any one that 
can be propoſed for Solution; and fince in every Ana- 
| logy there are two Terms (of the four) in the tabular 
Triangle, and two in the given one, of which one is 
known, it is plain there are three Terms known to 
| find the fourth, by the common Rule of Three, 
76, For Example; let the propoſed Triangle be 
FCC, in which there are given the Baſe C165 : 
and the Angle at C 33 157 to find the Perpendicular 
GF. Then fimilar to this is the tabular Triangle CQO, 
which having the ſame Angles C=33? 15 and O=56?® 
45 and making CO Radius, we have by the Canon 
of Natural Sines, C= 8 20286, and OQ=548293 ; 
whence the gap rg Analogy : 8 
As | 2 * C8 :. an | 
636208 548293 :: 165 : 108,2. 
76. If inſtead of making CO Radius, and working 
by Sines, you make CQ Radius, then the two Sides 


: * 
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_ CQ and OQ which before were Sines, now become - 
| Radius and Tangent; and the Operation for finding the 
Side GF will become more ſimple and eaſy, for * 

the Analogy will be, 

Fe $24,000 QO : "CO Er. 

11000000 : 655029, : 165 : 108, 2. 
77. But as the Operation by Natural Sines and Tan- 
gents, in common Numbers, is very troubleſome and 

| laborious ; theſe Trigonometrical Proportions are now 
wrought, where Exactneſs is required, by artificial 

Numbers or Logarithms, whoſe Property it is to perform 
Multiplication and Diviſion by the Addition and Subtrace 
tion of two Lines of Figures only. | 
78. Thus by taking the Logarithmic sines, the Ex- 
ample of Art. 75 will ſtand as follows: 


| Logarithms 
As the Sine of the Angle COQ= 56* 45 9,922355 


— ————ty nonncononmoncs. 


Is to the Sine of the Angle C=33 5: = 9,739013 
So is the Side CG= MP ME | — 


— — 8 


9 7 8 Sum 1, 956497 

To the Side required GF 108,22, 034142 

Here the whole Operation conſiſts in adding the Lo- 
garithms of the 2d and 3d Numbers, or Terms of the 
Analogy, and from that Sum ſubducting the Loga- 
rithm of the firſt Term, there will then remain the 
Logarithm of the Number which expreſſes the Quan- 
tity ſought, and which is found in the Canon. 

79. If we work with Radius and Tangent, as in the 
Example of Art. 76, we ſhall find the Operation ftill 
much eaſier, even in Logarithms ; becauſe now the firſt 
Term being Radius, its Logarithm 10,000000 gives 
no Trouble in ſubtrading; the whole, in Effect, being 

- | per- 


, 
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na by Addition of the Logarithms of the 2d 
and 3d Terms only, as is ſeen in the Work below: 


| As the Radius A 10 


Is to the Tangent of the "Or _ 355 15 958 16658 | 
2,217484 


So is the Baſe CG=165 — 


— — — 


To the perpendicular ſought GF 108, 2 2,034142 


80. Again, ſuppoſe the Side or Hypothenuſe CF 
were ſought; then if CO be made Radius, it will 
come into the Operation with the Sine of the Angle at 
O, as follows: 


As the Sine (COQ of the Angle O= 56" 45 9.922355 


1s to Radius (CO) „„ „ 
So is the Baſe CG=165 * 24741 
; To the Hypothenuſe CF=197,3 _ _ 2,295129 


Here the whole Operation is in one Subtractian only. 


81. But if CQ be Radius, it will be uſed with the 


Secant of the Angle at C, to find the Hypothenuſe CF, 
as in the following Operation : Ne 


As the Radius (CO) 10, 
To the Baſe CGS 165 8 2,217484 
So | is the Secant (CO) of 33 15 - -10,077645.- 
To the Hypothenuſe CF 2107, 3 8 3 


82. Theſe are all the Varieties in the Solution of 
Caſes of Triangles, whether they are plain or ſphe- 
rical, right or oblique angled; and they who under- 


ſtand what has been already ſaid, will need no further 


Inſtruction; they will alſo obſerve, that the laſt Pro- 
ceſs with 33 is ſuperfluous; as no Analogies in 
the foregoing Tables (41, 52, 61, 71) include or men- 
tion a Secant, and therefore alſo moſt Canons or Tables 
of Logarithms leave them out. But as Secants are on 


ſome Occaſions wanted, they may be cally. had from 


the 
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the Canon of Sines; for the Logarithm of the Co-fine ſub- 
" dudted from twice the Logarithm of the Radius, will leave 
the Secant required, as is evident from Art. 16. 


83. The firſt Proceſs in Logarithms (at 78) may 
be performed by Addition only, by taking the Arithme- 


| tical Complement of the Logarithm of the firſt Term of 


the Analogy, which is had by taking every Figure of 
the Logarithm from q, but the laſt, which is taken 
from 10, beginning at the left hand. Thus the Arith- 
' _ metical Complement of the Logarithm 9,922355 is 

0, 077645; and this Operation being performed mentally, 
is by ſome preferred in Practice, becauſe this Arithme- 
tical Complement of the firft being added to the Loga- 
_ rithms of the ſecond and third Terms, give the Loga- 
rithm of the fourth; as in the Example below: 
. Arith. Comp. of Sine 56? 45 on - 0,7645 | 
Add Lene of the Sine of 33 15 9, 739013 
Logarithm of the Side CG 167 25 


The Sum is the Logarithm of CF=108,2 2,034142 
The ſame as before (78.) with 4 Lines of Figures 
instead of 53 and by Addition only, 


CHAP in 
The APPLICATION of Plain TRrI1G0N0= 


 METRY to ALTIMETRY and Lonot- 
NME TRV. | 


24. LTiMETRY is the Art of meaſuring the 
HeiGHTS of Objects triganometrically ; and 
LoKxGIME TRY Is that of meaſuring their Disraxcks; * 


and 


to ALTIMETRY and LONGIMETRY. 23 


and this in all Caſes, whether they are, or are not, ac- 
reſſible. The common Inſtruments for this Purpoſe are 
good QUapRaAnTs, PLAIN TABLES, or THEoODO> 
LITES, by which the Angles, thoſe Heights and Diſ- 
tances ſubtend at the Eye, are meaſured. This Doctrine 
will be Muflrated by the following Examples, 


EXAMPLE þ | 


85. Let it be required to meaſure the Height o of an 
acceſſible Object, as the Tree BC. (Fig. 12.) 
| Meaſure any convenient Diſtance from the Body of 

the Tree B to A, which ſuppoſe to be 127 Yards, then 
at A, with a Quadrant, take the Angle of Altitude 
| BAC, which ſuppoſe to be 36® 30", whoſe Complement 
is 53? 30=BCA. po hen fay, (by Variety ns at bi.) 


* A. C. 
As the Sine of the Angle C2 30 o, 094821 
Is to the Diſtance AB = 127 = 2, 103804 


So is the Sine of the Angle A =36 30 — 2 


; To the Height of the Tree above the 1 
Eye, BC=93,97 } e 


EXAMPLE 1 


<6 To medſure the Height of an Object, as the 
Spire BC, by its Shadow and a Staff (Fig. 13.) 
Meaſure the Shadow of the Spire BA, which ſuppoſe 


to be 150 Feet; then at the End of the Shadow A ſet 


the ſtaff (bc) perfecti upright, which ſuppoſe is three 
Feet, then meaſure its ſhadow (ba) which let be four 
Feet. Then becaule of ſimilar Triangles ABC and abe, 
we have ab=4 : bc=3:: AB=150: BC 112,53 the 
Height of the Spire required, 


* 


* Note A. C. ſtands for critimetical po 
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0 AMPLE HL. 
87. To meaſure the Height of an inacceſſi ble Objects, 

' as the Tower BD, which you cannot approach by rea- 

- ſon of the River R. (Fig. 14.) 

+ At _ convenient tation C, take the Angle 
BCD=55? 30“; then from C meaſure any Diſtance as 
CA=108 Yards ; and at A take the Angle DAB SAO 
oo”. Then in the oblique Triangle CBA, the Angles 
are known, and one Side AC, to find the Side BC (by 
Variety I. at 71.) 


. : 
Þ bi A the Sine of the A le ABC= 
1 us, 8 150 25 | ng * 0,5873101 
1s to the Length of ACzioft. 2,033424 


So is the Sine of the Angie BAC—40* oO 9.80806 67 


Too the Length of the Side CB=259,7 2.414502 
38. Hence in the right- angled Triangle CBD there 
are given the Angles, and the Hypothenuſe BC to find 
by the Sides BD and DC (by Variety I, at 61. F 
Thus, As Radius 3 8 5 4 I 
Is to the Side BC=259,7 - - - 2,414592 
So is the Sine of the Angle DCB=550 30 94915994. 


— — — — f 


| To the Height of the Tower DB=214 2,230586 


And, ſo is the Sine of the Angle EE 
e 30 F 9,7531728 


| 7 To the Diſtance thereof CD=147,1 - 2,107720- 
| E X AM Fi 9 IV. 


| $9. To meaſure the Diſtance of an inacceſſible. 
Object, as the Windmill B, beyond. the. River R. 
= 2» 3 
| By the Plain Table or Theodolite, the 1 at 
= A and C a are meaſured, and by the Chain meaſure the 


dDiüicde 


— 


* Iz 


— 
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Side AC; then in the oblique Triangle ABC you 
have given two Angles and the Side included, to find 
the Side CB, 1a in a Lad III. ) which is the Dif- 


tance required. 5 


EXAMPLE V. 


90. To find the Diſtance between two Objects B, 5, 
inacceſſible by the River R. (Fig. 16.) 

Let the Diſtance AC be meaſured, and the FEED 
CAB and ACB be taken by the Theodolite; and the 
Side AB, or Diſtance of the Houſe B, is known, by 
Example III. Alſo take the Angles ACh and CA, 
and then in the Triangle CAB, the Side Ab is found, 
or Diſtance of the Tree at (5). Then, laſtly, having 
the two Sides AB, Ab, and the included Angle BA5 
by the Theodolite, you hnd the third Side Bb (by 
n, III. at 71) 


EXAMPLE VI. 


91. To find the Height of the Tower and Spire B 
ſituated upon the Hill EBD. (Fig. 17.) N 
Meaſure a proper Diſtance from C to A with the 


Pals or Chain; and at A and C take with a Quadrant the 


Angles AD and CD; alſo the Angles BAD and BCD; 
then in the oblique Triangle Al C you find the Side Cs; 
and in the Triangle ACB you find the Side CB; and 
taking the Angle BCs, you find the Side Bb, (as in the 
laſt Example) the Height of the Tower required, 7 

92. It is plain from theſe Examples, that Altimetry 

and Longimetry are the ſame Thing in Effect and Ope- 

ration ; and, in ſhort, all the Operations i in Surveying, 
| Navigation, Gunnery, Fortification, Mechanics, &e. con- 

{1ſt in the Solutions of a Plain Triangle; and therefore 

E 2 | e 
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to exemplify in each particular, would only be a need. 
leſs Repetition of the above Examples, over and over 
again. 


11 
1 


— 


CHA P. IX. 


The Practical Mer Hop of folving all 
CAsESs of TRIANGLES by the Single or 

; Sliding GUN TER; by the SECTOR ; and 
by the New Univerſal 8 SLIDING RULE. 


93: N practical Caſes, where great Accuracy i is not 
required, we generally make Uſe of the GuN- 
TER, as it is called, that is, a Set of artificial Lives of 
Numbers, Sines, and Tangents, which are nothing but the 
5 Logarithms of the Canon laid off upon frait Lines, firſt 

invented by Mr, Edmund Gunter, whoſe Name they 
bear. Theſe Lines are uſed either /ngly with Compaſſes, 
or by Pairs, on a ſliding RULE; where one is fixed 
upon the Rule, and ns other moveable. by it upon the 
Slide. 

94. The Uſe of the Single GUuNTER with Compaſſes, 
is this: Suppoſe the ſame Parts given in the plain 
right-angled Triangle CGF (Fig. 1.) as before (75) 
viz. the Side CG=165; the Angle C=33® 15”, and 
the Angle at Ogg 569 45", to find the Side FG the 
Operation is thus : Set one Foot of the Compaſſes in 
56? 4 5 of the Line of Sines, and extend the other to 
32? 15”; then with that extent place one Point of the 
Compaſſes in 165 in the Line of Numbers, and turning 
the other about it will fall upon 108,2= 8. the Side 
bought (as at 78) 


| 95. Or | 
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95. Or by uſing the Line of Tangents (according to 
Art. 79.) you n thus: Set one Point of the 
Compaſſes in 459 (the Radius) of the Line of Tangents, 
and extend the other to 33? 15, with this Opening of 
the Compaſſes place one Foot in 165 in the Line of 
Numbers, the other will reach to 108,2 in the ſame 
Line, which is the Side GF required. 
96. With the /iding Gunter you work the above So- 
lution in the following Manner; and firſt with the 
Lines of Numbers and Sines, thus: Set 56? 15” on the 
Slider to 339 15 on the Rule, (in the Lines of Sines) 
then againſt 58 on | The Slide is 108, on the Rule, in 


N, they againſt 339 15 on Sg is 108. 2 on N for the 
Anſwer. Note, the Line of Numbers, Sines, and Tan- 
gents, are marked with N, 8, and T at the Ends. | 

97. The ſame Proportion is wrought with the Tan- 
gents, thus; Set Radius (viz. 45%) on the Slide to 
33 150 on the Rule; then againſt 165 on the Slide is 
108, 2 on the Rule, on the Lines N. Or thus: Set 
Radius on T to 165 on N, then againſt 33* 15 on * 
. 108,2 on N. 5 
98. To find the Hypothenuſe CF, the Analogy (at 
Art. 80.) is thus performed: Set 56" 45 to Radius 
(9) on the Sines 8, S; then againſt 165 is 197, 3 on 
the Lines N, N. Or, Fe: $62 45 on S to 165 on N, 
then againſt Radius on S is 197,3 on N, the Langen 
of CF required, Theſe are all the Varieties of Ope- 
ration by the ſingle or ſliding Gunter. 


99. But it muſt here be remarked, that the artificial 5 


Line of Sines is very defective even for practical Uſes; 
for half the firſt Degree is always loſt at the Beginning | 
of the Line; and at the End of it, many Degrees are 


uſeleſs, viz. all from 80 to 90; and thoſe from 70 to 


= x 


%, 
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80 are of little Uſe on common Rules. In ſhort, un- 
leſs your Gunter be 2, 3, or 4 Feet long, the Degrees 
beyond 60 will hardly ſuffice for common Practice. 
1I0o. Since artificial Sines on Inſtruments are ſo de- 
ficient, we find the Htural Sines and Tangents upon the 
SECTOR to ſupply, | in ſome Meaſure, that Defect. But 
they are here laid down as they lie in the Orthographie 
Projection, and therefore are far from being ſo uſeful, 
| as they are capable of being rendered in Practice, as we 
ſhall be convinced of by only inſpecting a SEcTOR of 
6 Inches Radius, where it will appear, that even in this 
| Caſe the Degrees from 60 to 70, are of very little Uſe; 
and all beyond, are of none at all. | | 
101. But though the Line of Natural Sines be ſo de- 
fective on the SECTOR, it is otherwiſe with the Tan= 
' gents ; they, inſtead of diminiſhing, increaſe as they 
proceed; ſo that it is neceſſary to have two Lines of 
natural Tangents, viz. one for all below 45, and 


another for all above. Hence ſuch Analogies as conſiſt 
of Tangents, are wrought very advantageouſly upon 


the SECTOR. Note, the Line of equal Parts is upon 
the Sector called the LINE of LIxks, and is 181 | 

with L at the End. | | 
102. The Operation of the foregoing Example on 
the decor, is in the following Manner: To find the 
Side GF from the Data (in 75) by the Lines of Sines 
8, 8. Set one Foot of the Compaſſes in the Center of 
the Joint, and extend the other to 165 in the Line of 
Lines L; then with this Opening, ſet one Foot in 
562 45 in the Line of Sines 8, and open the Sector till 
the other Foot falls exactly on the ſame Diviſion 56 45" | 
on the Line 8 upon the other Leg. The Sector re- 
maining thus, take the parallel Diſtance from 335 
2 to 


by the SECTOR and Supi 1 8 


to 33 157, in the Lines 8, 8, and ſet on Foot in the 
Center of the Sector, the other will fall upon 108, 2 in 


the Line L, for the Side FG required, 

| 103. On the Lines of Tangents T, T, the ſame Ans- 
logy is wrought thus; take 165 from the Line of Lines 
L, and opening the Sector apply it parallel-wiſe from 
45? to 45, in the Lines T, T; then take the parallel 
Diftance between 33? 15” in each Line T, and apply 
it upon the Line L, and it will reach from the Begin- 
ning to 108, 2, as before. N 

104. To find CF the Hypothenuſe, we muſt aſe the 
Sines 8, 8, thus: Take from the Line L the Number 


16), and apply it parallel-wiſe between 56? 45 upon 


each Line S; then take the parallel Diſtance of go and 
90 on the ſame Lines, and apply it to the Line of 
Lines L, and it will reach from the Center to 197,3. 
the Length of CF required. 

105. On Account of this Deficiency of the 45 of 
| Sings, both on the GUNTER and on the SECTOR, TI. 
have protracted the Sines as they ſtand in the natural 
Canon, and have thereby rendered this new Line of 
Sings capable of all the Advantages it can poſlibiy 
have, or indeed that the Artiſt can expect; for it has 


by this Means juſt the contrary Property to what it has 


on the Gunter or Sector, viz. the Diviſions continually 
encreaſe from the Beginning, and at the End they are 
very large; fo that you have the moſt perfect Solution 
of ſuch Caſes of a Triangle here, as are altogether im- 
_ practicable with this Lins in any of the uſual Forms, 
as will be evident by the following Example. 
106. Let the Sun's Declination be 229 237, to find his - 
' Longitude, The Obliquity of the Ecliptic is 23? 30 
therefore 1 in the right-angled Spherical Tri angle PZ E 


1 18. 350 
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(Fig. 3.) there is given the Angle E gτ 30, and the 
oppoſite Side B 22237 to find the Hypothenuſe C, by | 
Variety II. E: 5B: : Radius: C. Now on the Rule 
againſt 23 30 is the Sine 399, and againſt 22* 23' is 
the Sine 381; therefore ſay, As 399 : 381 :: 1000: 
955 dine of C, againſt which in the Line of Degrees 
is 725 38“, the Anſwer required. 
107. Here it is evident, that ſince the Sine of 729 
38 is required, it would be in vain to ſeek it on the 
artificial Gunter, or Line of Sines on the Sector, and yet 
by this new Conſtruction of the Line of Sines on the 
| Univerſe! SLIDING-RULE, the nearer you approach to 
90, the more perfect will the Solution be. 
108. Again, Suppoſe the SUN in 10? 30 of ti, 
what is his right Lernen f Here E257 30 and its 
Complement =66® 30” ; therefore by Caſe I. of Variety 
III. (41) ſay, Fo Radius: E:: C: A. In the 
Line of Sines, againſt 66® 30 is 917 ; and againſt 10? 
30 is 185 in the Line of Tangents ; therefore it will be, 
As 1000: 917 :: 185: 170=C; then againſt 170 in 
the Tangents is 9* 39" in the Line of Degrees, for the 
right Aſcenſion required. Note, theſe Analogies are 
wrought in the uſual Manner by the ſame SLIDING- 
RULE ; as may be ſeen at large in my ſmall Tra# of 
the . and Uſe thereef, 2” ee, 


CHAP, 
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\ mical, Nautical, and Gegre Pao- 
BLEMS in Spherical GEOMETRY, illuſ⸗ 
trated by. a DIAGRAM. q 


1097! T all be endleſs to recount all the Problem 
in the various Mathematical Sciences, ty which 
the Application of the foregoing Trigonometrical Solu- 
tions is conſtantly made; it muſt ſuffice to point out 
Jome of the principal, with the Triangles from whence 
they ariſe, formed by the arent Circles of the 
Sphere. : 
110. In each ee Spherical Triangle ſup- 
: poſing only four Parts concerned, viz. the three Sides 
A, B, C, and the Angle E (Fig . 3.) there will be ſin 
Varieties of Data, viz, A, B; A, C; A, E; B, C; 
B, E; and C, E; and each of theſe finds two unknown 
Parts, and en contains two Problems; ſo that 
cvery ſuch Triangle furniſhes Solutions to 12 diffe- 
rent and uſeful Problems. But ſometimes the Angle 
P comes in, and then 20 Problems will be ſolved by 
10 Varieties of Data. 
111. In an oblique ſpherical n there are 
three Sides and two Angles always concerned, viz. 
A, B, C, Z, P, (Fig. 4, 5.) and ſometimes the Angle 
E: and ſince the Data here conſiſt of three Parts, there 
will be 10 Varieties ; and if only two Parts are ſought, 
there will be 20 Problems ariſing from every ſuch Tri- 
angle; and many more when the Angle E enters the 
Queſtion 3 in ſhorts 3 Quantities i in 6 give 20 Varieties 
| F Ko 


ing 
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in the Data, and 60 Problems reſult from thence, as is 
evident from the PocTNE of COMBINATIONS. 

112. To give an Idea of the rich Variety of uſeful 
Problems, the /ing!e Diagram will afford (Fig. 18.) let 
C be the Center of the Sphere; its Axis NS; North 
and South Poles N and 8; Q the Equator EL the 
Ecliptic ; | EPLS the Meridia; HO the Horizon; 
20 D the Prime Vertical; N BS an Hour-Circle, and 
ZAD a Vertical Circle paſſing through the Place of the 
Jun O; PT the Axis of the Ecliptic; PRT a Circle 


e Longitude, and NRS a Circle of Declination paſſing 


through a Star at R. The * of Cancer * and 
of Capricorn L. 
113. By the InterſeQions of theſe Circles, a Variety 
f Triangles will be formed of both Sorts ; ſome of the | 
DAR of which here follow : 


I 14. 20 The right-angled Triangle ©BC, 


In which BC. is the Sun's Right Aſcenſſun. 
9 0 _ CO is his Longitude from the Equinox C. 
BO is his Declination. 
BCo is the Obliguity of the Ediptic.. ph 
C the Angle of Indination of the Meri- 
dian and Ecliptie. 7 90 


11 15. II. The right-angled Triangle A oC. 


In which Co is the Sun's Longitude. 


AO his Altitude above the Horizon, 
AC his Amplitude from C. 


AC the Sum of the Co- Lat. and u. 
of the Eeliptic. 


. III. The right-angled"nT r VCG; he 
Place of the Sun being at G in the Tropic of Cancer, 

and the Prime Vertical of Eaſt and Weſt, 
Then 


ID (2) PNR, which reſpects the Pole of the Ecliptic P, 
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Then VC is the Hour from dir. 
V the Sun's greatef! Declination 235 28", 


co his Altitude when Rafi or Miß. 
VC the Latitude of the Place Z. 


117. IV. The right-angled Triangle ICM. 


In which Cl is the Sun's Declination. 

IM his Altitude preciſely at Sir o'Clock: | : 
CM his Co-Azimath at that Time. | 
ICM the Latitude of the Place. 


118. V. The night. angles Tü CWE, when 
Cn a the Sun is in the Horizon at K. 

1 In which WK is the Sun's Declination. 
CW is the Aſcenſional Difference. 

_ CK his Amplitude from C, Eaft or Weſt. 
VCC the Co-Latitude of the Place. 


119. VI. The right-angled Triangle NKO. 
In which NO is the Latitude of the Place, 
NK the Co-Declination. 
_ KO the Azimutb. ; 
KNO the Hour- Angle from Midnight. _— 
120. And with regard to oblique Triangles, there are 


three of principal Note, viz. (+) NZ O, which reſpets 
the Pole (N) of the World, and the Sun or Star at 32 


and a Star at R; and (3) OZR, which regards the 
Altitudes, Diſtances, and Azimuth of the Sun, Moon, 
or Star at O and R. 


I. The Oblique Triangle NZo. 


In IN, OZ is the Co-Altitude of the Sun, 
ON is the Co-Declination, = 


F 2 — 


| | K \ 
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In which ZN is the Co-Latitude of the Place, © 
ZN is the Hour Angle from Noon. 
' ©ZN is the Azimuth from the North. 


Note, The Triangle RZN anſwers the ſame Ends 
for a Star at R. 


122. II. The Oblique Triangle PNR. 

In which RN is the Co-Declination of the Sur. 

Rep is its Co- Latitude. | 
NP Is the Obliguity of the Elliptic. 


NPR the Longitude of the Star from E. 
RNP tlie Hour from Midnight. 


123. III. In the Oblique Triangle OZ R. 


In W O2 is the Co- Altitude of the Sun. 
R is the Co-Altitude of the Moon, or Star. | 
OR the Di/ance of the Sun and Moon, or 
Star, 


OR the Differtnee of their Azimuths, 


124. In theſe few Triangles, it is evident, there arè : 
upwards of 1co Problems contained, moſt of which 
daily occur in the practical Parts of As TRONOMxY, Di- 
 ALLING, NAviGATION, and GeoGRAPHY; for the 
Points O; Z, N, &c. may as well be conceived on the 
Spherical Surface of the OckAN or LAxp, as in the 
Heavens. Thus ſuppoſe a Ship ſails from a Port Z 
to anothef X, then in the Triangle ZNX we have 

ZN the Co-Latitude of the Port Z, 
NX the Co-Latitude of the Port X. 

ZX is the ay of the Ship, or Di ans failed, 
NZX is the Rhumb, of Courſe of the Ship. 
ZN is the Difference of Longitude of Z and X. 


125. In 
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1 5: In this one Triangle, therefore, are contained all 


the Caſes of Orthodromics or great Circle SAILING, But , 


Z and X may alſo repreſent two CIrIES on the zerre- - 
Arial GLosx ; then will all the Geographical Problems 
felative to their Latitude, Longitude, Diflance, Pojiti ſtion, 
or Bearing from each other, admit of Solutions, in the 
uſual manner, by the Table of Proportions in Art. 52. 
126; I may obſerve, in the laſt Place, that many of 
theſe Problems are of a general Nature, and contain 
many particular ones of moment; thus for Example, 
ia the Triangle OZN, the Angle at N is the Hout 
from Noon, when the Sun O has the Altitude OA 
above the Horizon; but ſuppoſing the Sun in the Hori- 
zon at A, then the Angle ANZ will be the Time of 
the Sun's riſing; whence the LEN GTH of Day and 
Nrchr, and the SEASON of the YEAR will be known. 
Again, ſuppoſe the Sun were 18 below the Horizon at 
V, then the ſaid Angle at N would be the Time when 
the Day breaks, or the TWILIGHT begins and ends. — 


* - 5 Po 
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The Pluxionary PxIx IPL ES of Plain 
TRI CGONOMET Rx N and applied 
to Practice. 


127. N the Center A, and with the 1 AC, 5 

. deſcribe the Arch of a Circle BC, termi- 
nated by the Radii AB, AC. Let the Sine thereof be 
CD, and Co- ſine AD; and let the Arch BC be 
changed into the Arch BE, the Sine CD into the Sine 


4 EF, 


x | 28 7b. Fluxianary PamcipLes 


EF, and the Co-fine AD into the Co-fine AF; and 
draw CG parallel to' AB, meeting the Sine EF in G. 
Alſo in B erect the perpendicular BI, which let the 
Radii AC, AE, continued out, cut in the Points H 
and I. And through H deſcribe the ſmall Arch ** 
with the Radius AH. (Fig. 19.) 
128. Then put the Arch BC=z, ind its Fluxion 
CE=z: - the Sine CDs, and its Fluxion EG =; ; the 


Tangent BH=, and its Fluxion Hi=z ; the Secant 


AH and its Fluxion IK = . Then, as the Angle 
 HAl is indefinitely ſmall, the Aches CE and HK may 
| be efleemed right Lines, without any ſenſible Error. 


129. 'Then by the any Triangles CEG "ny CAD, 
we have CE: EG: +3: CA AD: Radius: 
Co- ſine of the 3 Bac. | 

130. Again, by the ſimilar Triangles ACE and 
AH, as alſo the Triangles ABH and HKI, we have 

CE: HK :: AC: AH, and HK: HI: : AB: AH; 
and therefore (r gw) it will be CE: HIL & 12 
AB*; AH?, that is, =: t: : the Square of n to the i 
; Square of the Secant of the heel A. 5 

131. * by the ſame ſimilar T riangles, we his : 
CE: HK:: AC: AH, and HK: [{K:: AB: BH; 
therefore th «guo) it will be CE: IK:  AB* : BH x 


AH; that is, & 72 Radius ſquare : the Rectangle under 
the Tangent and Sccant. 


132. Let the oblique Triangle ABC (Fig. 20) be 
changed into the Triangle ABD, while any Angle B, and 
one adjacent Side AB, continue the ſame; make AE 
Ad, and join CE; then when the Angle CAD! is inde- 
finitely ſmall, we ſhall have (by the Triangle CDE, 

right angled at E. as CD: DE: R: DCE; that is, 


the 
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the Flixion if the other adjacent Side CB is to the Fluxion 
of the appoſite Side AC, as Radius is to the Co-fine of the 
Angle C, which is oppoſite to the permanent Side AB, 
133. With a Radius AP (=100000) deſcribe the 
fluxionary Arch FG; then we have FG: CE: : R: 
AC; and alſo CE:DE:: D (or C): R; and from. 
both theſe Analogies compounded, we have FG: 
DE:: C: AC; that is, the Fluxion of the Angle A is 
to the Fluxion of the Side AC, oppoſite to the conſtant Angle 
B, as the Tangent of C to the Side AC. 
134% F 11 in the ſame Conſtruction, we have 
FG: CE: : R: AC; and CE: CD:: C (or D): 
R: and from both Analogies compounded, we have 
FG: CD:: C (or D): AC; that is, the Fluxion "8 
te Angle A (or C) is to the Fluxion of the other Side BC 
adjacent to the permanent Angle B, as the Sine of the Angle 
C oppoſite to the conſtant Side AB, is to the Side 135 oppo- 
ſite to the permanent Angle B 
135. If the oblique Triangle ABC were * into 
the right-angled Triangle ABC, or the Angle at B made 
right at B, the ſame Proportions amongſt the Fluxions 
of the reſpective Sides and Angles will continue as be- 
fore, with the conſtant Side AB, and Angle B. 
438. It the ſame Conſtruction were made at the | 
Angle A; and the Side BC, or BC, with the Angle 
B, or B n then by the ſame Neaſoning we 
ſhould have, the Fluxion of the Angle A (or C) to the 
Fluxion of the Side AB, or AB, as the Sine of the Hugle ; 
at A ta the Side AC. | 
137, To ſhew the Uſe of theſe duxionary Pringle. 
ples, let AB=H be the Height of an Object to be mea- 
ſured, the Queſtion is, at what Diflance BC you are to 
tale your Statien, Jo 4 the Angle ACB to be liable to the leaſt 


Error 


16 The 3 Pumel xs | ip 
Error poſſible. This Problem is ſolved as follows: 
Continue AB to (a), and make Bar BA, and join 
C; and let H be the F luxion « of AB, and C that of 
the Angle ACB. Then we have (as above) AsH 


S: AC: 5A. But the Angle BAC=a, and the wal 
ACa=2ACB; therefore Ac: 5A (or 5.4) :: Aa 


(SAB :) ACa (=2ACB) that is, H: C:: : 2AB; 
S. aACB; therefore H: AB :: 20: 5. 2ACB. 
138. By this Analogy, it is evident, the Error HI 


3 in the Height of the Object AB, has the ſame Ratio 


that is; the Error HI is bot, 


to that Height, as double the Error c of the Angle 
of Altitude, has to the Sine of double that Angle; 
conſequently this Ratio will be the leaſt of all, when 
the Sine of 2C is greateſt, viz. when it becomes Ra- 
dius, or when the Angle ACB =45 Degrees, 

1309. This Example of the Uſe of fluxionary TRI- 
GONOMETRY is of ſuch Importance as to deſerve a 
particular Illuſtration in Numbers. To this Purpoſe, 
let BH (Fig. 19.) be the given Object, and — t 
AB Radius 1000000 equal Parts; then BAH will be 
the true Angle of Altitude, and BAI the erronegus Angle 
given by the Quadrant. Let EC, the Error of the 


Angle, be one Minute, or C=r; ; then in the trigono- 
. metrical Canon, you find the Arch of I. to be 291 of 


the equal Parts of Radius; ; the double whereof i is 2C= 


ss; therefore the Ratio of £83 Ss. Vi — 1 
1000000 1719 —BH * 


— Part of the Height 


Ki BY of the Object, when the Angle BAH=45 5 and j bt” 


then a Aini mum. 
12 
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130. If the Angle at A be greater or leſs than 452, 

then (other Things remaining the ſame) the Error HI 
will be increaſed in the Ratio of Radius to the Sine of double 

the Angle A. If the Error CE of the Angle A, be 
oreater or leſs, then (other Parts remaining the fame} 


the Error HI will increaſe or decreaſe in the ſame 
Ratio. | 


Mr 2 i L 4 4 " 


. * 


CHAP. XII. 


The Fluxionary PRINCIPLES of Spheri- 
cal TRIGONOMETRY explained, and ap- 


plied in the SoLuT1ON of ſome very 
3 Fenin 


: 147. ET ABC be an oblique foherical Triangle 
* (Fig. 21.) and let the Side AC move into 
the Poſition Ac, deſcribing the Parallel Cc; alſo let 
the Side BC in the ſame Time, move into Bed, de- 
ſcribing the ſmall Arch of a Parallel Cd. Again, let 
the three Sides of the Triangle be denoted by D, E, F; 
and the 3 Angles by A, B, Cc. 
142. Now ſuppoſe two Sides. AB and AC conflant, 
** all the other Parts variable; then becauſe the 
fluxionary Triangle CAc is right-angled at (c) we 
have R: 3. E: : 5. C Ac: 5. Ce; and becauſe the Sine of a 
very ſmall Arch is nearly equal to the Arch . 


therefore it will be R: E: CAc (= A): c K 8 


bs the ſame Manner, R. 6. F: SE ITY 


G os 


— 9 #5 , 
ID Ts gt r 


42 . De — s 


143 Becauſe ACc=dCB= =Tright Angle; ; therefore . 
AgBr Cc, and the Angle at (d) being a right one, 


we have R: . Ce „ 2 /: cd:: KA. 2 
Ex. | ö 
— Rr 0 
144. But 0: g. 91 B: E (by 47. ) therefore 
| 3Ex:C=D x3B, and ſo F = x 4. 
145. Again R: £5, 40. (=0): Ce: : Ca: Ex A. 
: = . 2 = Gries we have 2 
. — Ol * (142. 55 
146, Laſtly ; ; it is ct. C Load R: Cd: a: : . 
Sh: + n 
R 8 e 5 
; 147. In the ſame Manner it is ſhewn, (by making 


Dx cB 
Rx F 


. the ſame Conftrudiion at the Angle B), that E 


| ; J 7. N A; 3 and F.= =* Ec "vp | 
= 5 148. Let ſ<=5Secant, 3 of any Arch 1 
- DF (Fig. 1.) ; then we have R*=sDF x DF. (19.) 


| and conſequently 2 —.— x A( 144. J=sD xD 5 

33 ' whence we ſhall have the following fuxlonney Ana- 

| 31 REES logies, VIZ. 

C | | 149. 13 4 r D. 

=_ 8 AB: 3 RaxeF.: k v ta 
ö = EC: : Rx SF: 5DxoB. (4470. 
V S8 1 .: F. (146). 

A | © i#; 108: 4 100) 

=. VI B :C : :aC:aB;:iB:C, 1 % 
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150. Theſe Analogies will ſuffice for our preſent | 


Purpoſe, which is to ſhow the preat Uſe of the 
Fluxionary Calculus in the Solution of many Problems in 


Spherical ASTRONOMY, which though of the utmoſt. 


Importance, are otherwiſe either quite unattainable, or 


elſe require the mgſt operoſe and difficult Proceſs,” 
The firſt Example of this Kind ſhall be the following, 


7 VIZ. 


151. To find on what Azimuth or vertical Circle ZR, 


you can moſt advantageouſly take the Altitude RE, of boy” 


celeſtial Object E. (See Fig. 2.) 


In the Triangle PZ E, the Side PZ the Co- latitude, | 


and PE the Co-declination, are conſtant ; and the Side 


| ZE ͤ the Co- altitude, with the Angles P, Z, E, variable 5 
the Relation of the Fluxion of the Hour-Angle P to 
that of the oppoſite Side ZF, is given in the firſt of the 


foregoing Analogies, viz. A: F:: D: 3B. 


152. That is, in the preſent Caſe, (putting L= 
Latitude, D Declination, A= Altitude, H= Hour- Angle, 
and Z= Azimuth, ) H: A: L: 5. Z. viz. the Fluxion 


of the Hour- Angle i is to the Fluxion of Altitude, as the Secant 


of the Latitude i is to the Sine of the 4zimuth, Now be- 


Ax/L 
5 


cauſe HE 


Object E does not affect the Variation or Furien of 
the Hour-Angle at all, as the Quantity A is not con- 


cerned in the Equation, but only its Fluxion A. 


,, it is evident, the Altitude of the : 


153. Again, in the ſame Latitude L, we have 


A 


H=; therefore H will be leſs as the Sine of Z en- 


1 


creaſes; and conſequently will be leaſt of all when the 
Luminary is upon the Prime Vertical ZCz where 


LR; hien ſhews, that in that Situation a judici- 


- (3 2 | ous. 


4 


4 4 Sorurion of ProBLEMy | | 
ous Obſerver will take its Altitude, when the Apparent 


Time is to be deduced from it, 


TS»; - If we ſuppoſe [L=:Z=Radiug, i it brings the 
Obſerver to the EqUuaToR, a and places the Object alſo 
in the Equator; and in that Caſe we have H=A, the 
leaſt it poſſibly can be. Here let the Error in the Angle 
of Altitude A Minute, then # =1' alſo ; but 10 in 
| the Hour- Angle, or of Motion in the Equator, is per- 
formed in 4 of Time: By the Mean of ſeveral Alti- 
tudes the Error A may be diminiſhed, ſuppoſe w.206 . 
a Minute, then that will give (under the Eguinoctial) 
an Error H of 1“ of Time only 
5 155. By the above Theorem (152) the Error in 
Time is found for any Latitude, when the Star is upon 
the Prime Vertical, and the Error in Altitude 15; thus 
in Lat. 45” the faid Error will be 5” 20%; in Lat. 50 
it will be 6” WER 3 in Lat. 550 , the Error will vey” 
nearly. 
156, The next 3 1 mall give is pregnant 
with the cleareſt Principles of Fluxionary TxiGono- 
- METRY, and contains, in ſhort,” the very Rationale | 
of it. Let P be the Pol E of the World, PE the 
 £quinoftial COLURE, Pi the Solſtitial Corus, El the 
EquiNnocTIaAL, EH the EcLIPTIC, and PD a MRI 
Dian; all in guadrantal Arches. (Fig. 22.) Alſo 
draw PB, Pd, and PG to conflitute Jy quadrantal . 
Triangles. „ | 
. Then j in the Triangle Dpa, we bre the PD 
2 C: : Dd Ce (ſuppoling Ce parallel to Dd. * 
that is, R: C:. Da (S2)! C — 
| C | 5 5 1 


„ R 2 0 
5 


J 59, 
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188. Again, the ſmall e N c Ce 5 


gives this Analogy ; C (Sch; W S: e033 
. Ka =, the 1 of DC. 


759: In the ſame Triangle Ce, as C: R: 
Cr: Ce Nx : x { =0=, the Flux 
ion of the Arch EC. Whence 4: „ O: : Oy 
under the Meridian PD. ; | 
160. At the Pquinox E, the ſmall Triangle ABE 
gives EB: EA:: : (sAEB:R::) 4 4 . And the 
Triangle GPI at the Solſtice, Gree Gl ; Þ H: R; 
IH (AEB) : 4 5. | 
161. Henceg 5 2 9 45 and fo « 5 = d., a con- 
ant Quantity; whence it appears, that as the SPHERE 
of the HEAVENS revolves under the MERIůOUBIAN, the 
Fluxion or Velocity of Motion in the Equator EI, 
is every where the ame, viz. 4; that of the Ecliptic 
is variable from à at E to 5 at H: And that & is 
greater than 4 in the ſame Ratio chat 4 is Steater 
| than Jo | „ 
162. There is, therefore, 88 zntermedinte Point 
C, where the Velocity of the Ecliptic is equal to that 
bf the Equator, or C:=Dd. To determine this, we 
| have every wherea : & : : C: c5DC (159) And by 
the 2d Analogy of Variety VI (in 41) we have C: 


E:: R: CD; therefore 3C== os Xa Eg ; 
2 : 


whence DC:: off „R:: 38: 4. 


163. Now putting S 4 (or Cc Dad,) we have 
D Cg CE x R; and conſequently, cDC=\/abxR, 
The Value of E is 23” 287, its complement 6632“; 
whence by Computation we find the Declination DC 5 


1 16? 
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16? 47; the Longitude EC=46? 15; the Right- 
Aſcenſron ED=43? 47"; and therefore EC—ED=Da 
=2? 287, a Maximum. 

164. This Arch Dad is, by . called the 
Edv ATION of Time, the Quantity of which, for every 
Degree of the Ecliptic, is computed and turned into 
Time, which added to, or deducted from the Solar 
Time by the Diar, gives the Mean TIME, for a 
'CLock or Warch. But for a larger and compleat 
Explication of this Doctrine, ſee my Tangens of 
Crock-Wokk, Chap. XXV. &c. 
165. From theſe Examples it is plain, that when 
the Fluxions of two flowing Quantities are equal, the 


Fe Difference of thoſe Quantities is a Maximum or Minimum. 


166. A Third Example ſhall be to find the Relation 
of the Angles PeZ, and PEZ which every Hour-Circle 
Pe, PE makes with the Correſpondent Vertical, that 
the Time which a Star takes in paſſing from one Almicantar 

zo the other may be the leaſt poſſible. (Fi ig. . 

Léet (e) be the Place of the Star in the Almicantar 

Le, and E its Place in any other MN; then in 
the given Latitude PZ g= L, and Altitude Zer- A, 
with the variable Declination se=D, we have the Rela- 

tion of the Fluxion of the Hour-Angle ZPe=H, to the 
Fluxion of the Co-Declination Pe thus expreſſed, 
1 — D :: ce: 5D (by 149) Adarefote- H= 


" eX © 5 


167. Alſo in the Almicantur MN, the Place of the 
Star being E, we have the Hour-Angle ZPE=H, 
and becauſe E is in the ſame Parallel of 8 


DE, we have I S. Ex * Therefore N 


as 


Te Spherical TiO r. 47 


47 - ER; but when HSE, then the Angle e=E; 
and eobfequeittly the Difference EPe of the flowing 
Angles will then be a Minimum; (by 165) and the 
Star will in that Caſe paſs from e to E | in the leaſt Time 

poſſible. 
168. Hence it appears, that there is a certain Decli- 
nation which will cauſe the Angle E to be conſtantly 
the ſame while the Parallel DEd is deſcribed by the 
Star; and this Declination is found for any given Alti- 
tudes or Diſtances of Almicantars LI, or MN, on either 
Side the Horizon HR, by Theorem 1 (at 28) which 


gives for the Point (e) this Equation = 
RL AND 


cg. A 
Dx 8 0 L 8 
Point E, we have 2 2 — . i But 


z in the ſame Manner for any other 


becauſe the Angles E and e are equa], the firſt Parts 
of the above Equations are equal; therefore alſo the 
ſecond are ſo, viz. Xs — . 
| | 777 . 4 

from whence we get the following Analogy; FAX. 


At5Axca: Rc. ac. A : L: g. D, the Decli- 
. nn 
169. In the above Equations, A is the Altitude 

above the Horizon, and à the Depreflion below it; and 

becauſe EZ exceeds go®, the Sign + was placed before 

5.4 in the ſecond Equation for the Point E. 

170. If one of thoſe Almicantars as Ll, be ſuppoſed 
to coincide with the Horizon, then Zet, and s.A=9, 
and csAZR, in the above ve Analogy (168), which then 


becomes g. a x R: ca NN:: $4 ; c= R:: 
L: 5. D. 


171. 
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171. Hence we have an eaſy Solution to chat famous | 
and difficult Problem of finding the Day when the TwWI- 

LIGHT ig ſhorteſt of all in the Year. It is agreed by 
Aſtronomers that the Twilight begins or ends when 
the Sun is in the Paralle] MN of 18 Degrees below the 
Horizon; therefore in the Latitude of Lonnox, where 
 L=51®. 31“, we have za: ci. a R:: L: De 

nearly; which Declination is South, or of a contrary 
Denomination to the Latitude, as is indicated by the 
negative Term ca- R. Hence the Day of the /borteſt . 
Twilight is March 2d, 
172. A more fimple and elegant Equation than the 
above is obtained as follows. Let the Arch DF=a 
(Fig. 1.) then RC CD, FG=5a, CG=ca, and GD 
v=the verſed Sine of a. Now *tis evident RCG 
R—ca=v, and therefore ca R= =. Again, join 
DF and FA, then is the Angle FAD=3FCD=2a, 


and making AF Radius, FD Tangent of Za, then 


from the ſimilar Triangles FGD,FAD, we have FG 
> GD: AF FD, chat is, : %: R: tia; and. 
' conſequently s. a: —v (ca- R) :: R: Aa. 
| Therefore laſtly, R: —za : : L: D, or Radius is to 
| the Tangent of 9? : : Sine of 51%. 30 : Sine of 7%. 7. 
the Sun's Declination, as above, | 
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CH A XII. 


A New and Eaſy Mernop of ſolving all 
me Casks of Oblique Spherical TRI 
ANGLES by Six dr * 
| TRIANGLES. 


175 JESIDES the Methods of ſolving oblique 
Spherical Triangles already taught, there is 

one more, which I cannot ſuffer myſelf to omit, as it is 
in itſelf very ſcientific, leſs ambiguous than the uſual 
Method of a Perpendicular (43, &c.) and in every Ana- 
logy, Radius is the firſt Term; conſequently on all theſe 
Accounts, this Expedient muſt be very acceptable to 

the young Trigonometer, and till the more ſo, as it is 
not to be found in any Engliſh Treatiſe, that I know of 
174. This Artifice conſiſts in the Uſe of Six Subſi- 
diary right. angled Triangles, two of which will always 


contain four of the Siæ Parts in the Original Triangle, 


or that propoſed for Solution; an Idea of this Matter 
will be eaſy to conceive from Fig. (23,24) in which 
ABC is the Triangle propoſed, one of whoſe Sides as 
AB, is continued out to an entire Circle. Then on 
the Points A and B, as Poles, deſcribe the two Semi- 


Circles EKQ, and HKR, which will biſe& each other 


in the Point K; and in an Angle equal to the Arch 
AB, the Diſtance of their Poles. Alſo continue the 
Sides AC, BC, to Semi-circles ACM, BCN, which 
will be ſeverally biſected by the Semi-circles EK Q and 
HR RR in the Points D and T; but unequally divided 
; 1 | by 


S0 A New MgTaod of SoLUTION 
by them in the Points G, I. Laſtly, join the Points CK 
by the Arch of a great Circle. 
175 Then you will have formed Six Subſidiary Tri- 
angles, viz. Three GDR, CDE, CID, right angled at 
D; and three others, CIK, ITK, CGT, right angled 
at T; the Sides and Angles of all which are deter- 
mined by thoſe of the Triangle ABC. Thus AB is 
the Meafure of the Angle. DEG, or of its Supple- 
ment; AC and BC are the Complements of DC and 
CT; and the Angles ABC, BAC, are Complements 
of the Sides TK and KD. 
176. By Means of two of theſe ſubſidiary Triangles, 
therefore, we are enabled to ſolve all the Caſes and 


Varieties of oblique Spherical Triangles, as will be 
evident by the following Examples, in which the Firſt « 


Term of every Analogy i is Radius, 


EXAMPLE. . 


Gi ven two Angles A, and B, and the included 
Side AB, to find one of the other Sides, as BC. 8 
Here the two ſubfidiary Triangles. DEG, and 
EGT, furniſh the three following Alaiye for a 
Solation, VIZ. T 
el Radius : 5A : : AB &DGK. (by 
Art. 38.) = 
' AnaLocy Il: Radius: AB:: A: GK. (by 36.) 
Then GK—TK (the Complement of B) es GT; 
and then, the Triangle CGT gives | 
AxaAlLOGY III. Radius aL: 1DGE : . BC. 
(dy 59) Gs 
EXAMPLE II. 
178. Sion the ſame Data, to find the third Angle C. 
The ſame ſublidiary N es ſerve here z and the 
two 


By Sub tary Wirts- = 


two firſt Ae, are the ſame, and give GT, as 
before. 


Then, Auax oy III. Radius: 58: „DSK. «BC, 
(by 38.) 


EXAMPLE II. 


179. Two Sides AB, AC, and the etntained Angle A, 
Being given, to find one of the other Angles, as B. 
Here the two ſubſidiary Triangles CDK, CKT, 
- 60 ee Radius: A: : 5AC : CK. 
AnaLocy II. Radius : A:: AC: caCKD. 
Then CED+DET =CET. Whencs - 
AnaLooy III. Radius: C CK T: : CK: B. 


. EXAMPLE lv. 


780. By the ſame Data, to find the third Side BC. 

The fame Subfidiary Triangles give this Analogy, 
Radius: . CK: 5. CK T: csBC. 

Alſo by the Subſidiary Triangles DEG, Cr, we 
ANALoy I. Radius : 5A : : 5AB ; DGK. 
ANAaLoGr II. Radius: A : : AB: 18D. 
Then GD+DC=GC; whence 5 

ANALOG III. Radius: GC:: 5. DGK: c5BC. 
The more extenſive Application of this new and eaſy 
Method of ſolving the Caſes of Oblique Triangles, will 
be left for the young Trigonometer's own Praxis. 


bave * 


| Gblique Sphe- 
rical &, pp, and many other 
PROBLEMS, by the SUms and Dir R- 15 
 RENCEs of Six ES, Co-Sinxs, and TAx- 
oexxrs of two given Achs of a Cin- | 
CLE. 


187 1. 7 HERE is another Invention for ſolving any 
Caſe of an Oblique Spherical Triangle by the 
foregoing | new Theorems, without having any regard to 
Natural Sines or Tangents at all; performing every 
Thing by their Logarithms only. The Reaſon of whichy 
is explained by a Diagram, as follows (See Fig. 25.) 
182. Let PE be an Arch of a Circle denoted by X; 
and PB another Arch=Y ; let C be the Center, and 
PN the Diameter of the Circle; EO the Chord of 

2EP; and draw BM and BH perpendicular to EO and 
NP. Alſo draw EB and BO, and pependicular to 

theſe, draw CR, C, terminating the Tangent RB T 


to the Point B. Laſtly, draw MO, ME, CB; and 


AL perpendicular to CB. This Conſtruction well con- 


ſidered, the following Particulars will be evident. 
183. (I.) The Arch BO=X+Y. (2.) BE=X—Y. 
(3) KO=ED+HB=s.X +5. V. (4.) KES ED - BH H 
S. XS. V. (F.) KM=HC+DC=:.X +..Y. (6.) 
KB = X c. V. (9) BT t. X TZ2T. (8.) BR 
t. 1K —-à V. (9.) AL=s. tlie) KK 
NTV. (II.) BFV. (12.) CF=c. 
Ii. OM V. (14) ME= 
* | 


"4 | : 1 
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184. Note, the Truth of the 1 3th. and 14th. Arti- 


cles may not, perhaps, appear ſelf-evident at firſt Sight 
but they are eaſily made out thus. The Arch MO 


MN+NO=Y-+NO= =Y +180%—X. Therefore 2M 


(the Chord) being the Sine of + the Arch MO ; it is 
plain zMO=s.g57FTY —JX; conſequeritly MO=2 x. 
90? +xY -K, or MO=2c.5X—ziY. In the ſame 


Manner the 14th Article is proved true. From this 


Preparation the ſellowing Theorems are derived. 
T H E 0 R E * I. 


. XA Y= 25. NV xc. NV. | 
For the Triangles MKO and CLA, right angled 


"at K and L, are evidently ſimilar, the Angle at the 
Circumference M being equal to that at the Center C, 


as ſtanding upon twice the Arch BAQ; therefore we 
ſhall have this Proportion, OK: OM: : AL: CA; 
that is, by ſubſtituting the Value of theſe Lines in Sines 
and Co- ſines, g. X SV: 2c. X V:: XT V: 1; 
from whence by multiplying Extremes and Means, 
ou have the : Theorem as above ſtated. 


T g E 0 R E M II. 
186. Ms Tak X IXS. . 


For the Triangles EK g and CLA being ſimilar (for 


the ſame Reaſons as before) give this Analogy EK: 
EB :: CL: CA; that is, by Subſtitution, g. XS: 
25. „ 3 þ V et. 1 which produces the 
Theorem above. e 


21 
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187. „K e Tas NTV Nx NN. 449 
For the fame fight. angles Triangles MKO, CLA, 

give ME: MO: : CL: CA, that is, by ſubſtring 
the Value of theſe Lines, cr Cc. V: 2cs.TX. 2: 


cs. N : 1; from whence the Theorem is ge | 
ö . e 


THEOREM Iv. 


188. 9 A. IXFEY x 5. N. 
For from the Taue EKB, CLA, we have ay 


| before, BK. = BE:: AL: AC, that is, c.. X-. V: 7 


28. 1 „NAT 1. Which gives the 1 
| Fe 


1 THE OREM V. 
189. A* gy e4XITY 
a X- . 
For the firſt Part of the f the Equation i is (by Theorems 


| | NV KN! zY 
1 Ly 1 eee _ | bes 


cauſe i= - — and alſo 640 therefore, ſubſti- 


tuting theſe Tangente inſtead of Sines and Co- ſines, this 
very Fraction becomes the ſecond Part of the Equation 
in the Theorem; whence the Theorem is evidently true. 
190. In order to apply theſe five Theorems to the 
former, or rather to convert them into theſe Forms, it 
is needful only to conſider, that Sines, Tangents, &c. 
and their Products, are only certain Decimal Numbers 
below Unity (or Radius) 1,0000000000 whoſe, Lo- 
| ee is  0,000G00 3 therefore any two Numbers 
Propoſed 
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propoſed, as 8635, and 8467 may be conſidered as the 
Sines of two Arches X, and Y; and then being put 


into the decimal Form of Sines 0,8635000000 ; and 
0,8407000000, their Logarithms will be 9, 936262, 


and 9. «927730. 


191. Now in the Canon of Logarithmic Sines, you 


find againſt 4 9,930262 =. 599. 42. 40" X. 
95927730 5 57 5t. 16 T. 


— . — 


Half Sum is 58. 46. 58= . 


Half Diff. o. 55. 42 K. 


Then by the ſecond Part of the Equation of Theorem J. 


we have the Logarithm of 
Nr 38 46 58” 9,2072 


N- we - D542 - go. 


2 EP ” = | ©,301030 
The Sum is the Logarithm of } 
5 X +5. Y viz 1,7102000000 \ 
192. By this Operation it appears that the Loga- 


» 


6— 
» * 


0, 233016 


rithm of the Sum 17102 of two Numbers 8635 and 


8467 may be found by a Table of Logarithmic Sines alone, 
independent of the uſual Method of a adage Parts 
in the Canon for common Numbers. 
: 193. -For another Example, Jet Theorem III. (Art. 
30) be put into the Form of Theorem II. here; thus 

2 the triple Product Z, x 5B x csP=5X, and 
— 5X —5Y 


"Par; then the Theorem becomes NN an 40 = 
1 —_— 


I, X3Þ. | | 
194. This Example we ſhall illuſtrate by 8 ; 
thus let the Angle at Z= 134 38, or 45 223 the 
Angle 


* 


8 : g 1 
N * e — n 
* 8 D i be Rags os. of. ao ied 
a nat 
. ” 225 » 


1 


5 FG" " * a 
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Angle P=27* o8”; and the Side B=41® 10 to o find 
the Side C? Here then we have 
Z 45 22 10.005559 . 10,005559 
B 48 50 "PA e e 
oP 62 52 . 9,94933r 5 
e wie — Diviſor 9.823951 
X = 42 44 9,8371368 8 
Then X = 42 44 


Y= 22 08 
XIV =_ 34. * Cioſine * if 95913 18 
X — T = 7. 48 . Hub 83930 
| 5 W 0,301030 

Lo. 36 2 A “ 
Subduct Z x 5B ET i 9,823951 


There remains :C = 18? 287 < — 9,523427 
Therefore the Side C = 71. 32, required, . 
I95. Thus you transform any other Theorem, =o 
find the required Parts of an Oblique Spherical Triangle 
without regard to letting fall a Perpendicular, or to 
Natural Sines and Tangents of Arches ; but becauſe this 
may be deemed a difficult or troubleſome Method, 
(though a very ingenious one) J ſhall leave the farther 
Proſecution of it to the young 4 Tigonometr's: Ex- 
exciſe. | 


CHAP. 


= 
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CHA P. Xv. 


An InvesTIGATION of SxxiEs for com- 
puting the Varus of the PERI HERR 
of a CIRcLE; and of the SINE, Tan- 

GENT, and SECANT of any given Axen 

or ANGLE, in"equal PARTS of Rapius. 


"0 g6. T* E Radius of a Circle being ure to 

conſiſt of Iooοοοοοο οοοο equal Parts, we 

can, from the Principles of Trigonometry, very eaſilß 

find the LENCO TH of the CiRCUMFERENCE thereof; 
and that of a SINE, TANGENr, or SECANT of any pro- 


poſed Angle, expreſſed 1 in the ſame equal Parts, in the 


Manner following, from the learned Dr. Hatrey, 
109. Let A be the Center of a Circle (Fig. 19.) the 
Radius thereof AB=r ; any given Arch BC=z ; its 
Sine CD er; Tangent BH=t ; Secant AH=/; draw 
Al infinitely near to AH, and all the other Lines as in 
Art. 25. Then GE =x 7 Hr > KI=/ » and 


198. Then AH* = ay: AB* (r):: 1. 
(Art. 15 . Therefore —=— == eh =s EN a 
% 


ATE: — &c. The Fluent of which is — —=+ 


_ — _ &c. E, or the Ki BC required. 


199. If now we put AB=r=1, then the Arch BC= 
2 =- tt — 5, &c, And if we ſuppoſe the Arch 
BC=30 GS then the Sine CDS ABI, (for 
| 1 the 
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the Sine of 30 is half the Chord of 60% which is £ of N 
the whole Circle, and is the Side of a Hexagon equal to 
Radius.) Therefore AD- = ACT CD IA? 
wheacs AD=\/i=1/4. And fince AD : CD: AB: 


H, ve have 4/3: 11 vey ; 3 Gerglore =, 


% l 0425 oY; Le. Lal, by fb- 
Kituting theſe Values of the ſeveral Powers of f 
in the above Equation, it gives the ck BCS NIA 
1 rn &c. by 
_ 200. Now as BC is 5 of the g we have 
G =/ 3=3-4641016151, &c. copſequently 
if this Number be multiplied by the ſeveral Terms of 
the Series MEATa= 158 +755, &c. and the Sum 
of all the Negative Products taken from the Sum of 
all the Affirmative ones, the Remainder will be the 
Value of the Semicircle, whoſe Radius is Unity, viz. 
311415926536; or this, will be the whole Circumfe- 
rence, when the Diameter is equal to unity, The 
Reader may ſee the whole Preto, in a s Tablass 
Page 585. 
201. The whole Fete being CE: any Part, 
Arch, or Angle, BAC becomes known, by the Rule 
5 of. Proportion; ; and then the Sine CD of that Angle is 
| alſo known, For by ſimilar Triangles ACD and 3 * 5 
we have AD : AC: EG: EC, that is Ae 


5 BY 
1 9 2 wo 222 — mmm Dc & ＋ r 5 * : 


| z £09008 ; 


| 202. | 


* 


"264, Having thus found the Value of z, we "Have 
B=x* ix * e; allo. B=G+3x" 3 and laſtly, 


S. Hence ' tis 8 that 
2 x * rie = Ff 
4 in e 152 S K * Tre 


2 Proz = ercz +, &c. =x=CD. 


0, 84147098. Having thus obtained the Sine, the Co- 
fine AD=,/AC*—CD*=,/1—0 84147 is eaſily had; 


as alſo the Tangent BH, becauſe AD: CD: : AB: BH. . 
And the Secant A- AE BW", or it is found d by | 


the Co- ſine as at (Art. 16). 


204. The Number of Degrees ir in the Arch z I, is : 


ö had by ſaying, as 3, 4150, &c, : 2: : 1805: 57. 17 
44”. And this is the famous Arch, or Angle, called 
the Trigonometrical Modulus, ſo 28 uſed in the Har- 
monia Menſurarum of the celebrated Mr. Cors. Le 
205. By putting the Modular Arch 57 17 44 into 


Decimals, we have 57.2978 — 1,758123 


For Sins, TAnGENTs, and SEcANTs: 80 


203. Suppoſe now the Arch BC=z=1=Radius AB; 
then the Fine CD IAA Jeg , Kc. = 


Whoſe Arithmetica! Complement is is = .,247877 


| Suppoſe, now, the Sine of any other Angle were re- 
quired, as that of 30 45 —=30,75 in Decimals ; F then 


30.2 


57 2957 8 it is evi- 
7 


fines $7,29578 : 7 : 80 


N 205. That if to the Arith. Complement 8,241877 
you add the Log. of the dec. Arch 30%75 1,487845. 


As 


The "RIF is the Log, of the Arch] 3 . 
in the equal Parts of Radius 55367 9729722 


272. | 207. 


r "F — — — —— — ꝗ — —6 * 
- ” 


Is 
" 8 - : » 
, . 2 
& — 2 1 91 k n * - - * 8 2 1 5 a . = [ - _ 2 
1 * : : . 1 . R . "PREY 1 
33 Aw „ — Wo 7 Bette W A : 2 N * Sy * - > 
N , 8 © * 1 . * 
2 , 8 1 . 2 1 725 8 Wt 4 8 3 7 
G PS: . _ 0 * 3 . . 1 W Fas" > be. tid I", M04 - * „ . 
* 8 6 2 n nn . _ Ow 6 4 ; — 4 E 
oY * ** * . 2 of: "TI 2 Ad all» of bc | 4 85 © wah; 8 7 * — — — — = 
__ . AedS a — — — 
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207. The Arch BC of 309. 45. being found equal ta 

05367=z, you find by the Series at (202.) the Value 
of x=0,5112931 ; fee the Proceſs following. 

| _ the Logarithm of z o, 53669 96729722 


; 0 by 3 f . 


| DIES 5 95789768 
Subduct the Logarithm of 6 — „776151 


% 


| Remains the Logarithm o of 82 tm O2 5764 841 1015 
Tben 2g , 53669 0, 25764 0, 510926, which 
is 200 ſmall, Therefore take the third Term thus: 

Multiply the Logarithm of z=0,53669 9.729722 


"5" 7 3 
J 8 
Subduct Logarithm . 2,079 181 


\ 


| Remains the Log. of 1 =0,00037 1 6 569 429 
Then x — I ＋C14 02 20,5 1129), which i is now A little 
too large; therefore, laſtly, 

Or the e of Z=0, 5 366g ' 94729722 

by i - 3 


| | | '% roBogs 
 SubduRt the 33 of 5040 2385702431 


Remains the Log. of erer =0,0900025 hr 
Sc that S— X Te —504562) =0,5112941=x, Then 
the Co-fine is ADS, 8504064; the Tangent BH 


0, 5949375 and the Secant AH=1,1635938; as they 
are to be feen 1 in the Trigonometrical CANON, ee 


AN 


17 be PAIN cIPLES of the Serge lr F PRo- 
' JECTION applied to the DELINEATION 
and SeLUuTioN of Spherical TRIAN- 


GLES, and the ConsTRUCTION | of 
Map, DrArs, &. 


208. HE PL ANR oF PROIECTIoN is that on 
os which the Circles of the Sphere, great and 
ſmall, are projected, by Rays paſſing from every Point 
of them through the ſaid Plane, to the Eye; according 
to the Diſtance of the Eye, different Kinds of Projec- 
tions will ariſe ; as the Ortbegraphic, the Globular, es 
Stereagraphic, &c, 5 
209. The latter of theſe, viz. the n Pro- | 
; JECTION, is that which is principally concerned in 
| Spherical TRIGONOMETRY ; ; in this Projection we con- 
ſider three Sorts of Circles, viz. (I.) A dire Circle, 
or one placed directly before, or perpendicular to, the 
Axis of the Eye, (2.) A Right Circle, or ſuch whoſe 
Plane paſſes through the Eye. (3.) An Oblique Circle 
is one in any other Yoltions than the two above men- 
tioned. 
210. Let ADEF (Fig. 26.) be a right Cirde, whoſe 
Plane paſſes through the Eye at E, placed in its Peri- 
phery ; draw the Diameters AE, DF at right Angles; 
and let EB be a Ray (or right Line) proceeding from 
the Point B to the Eye; this Ray will cut the Diame: 


ter 
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ter DF in the Point G; and becauſe the Point B, and all 
other Points in the Semi - petĩiphery DAF are projected 
in like Manner into the Diameter DF, they are ſaid to 
by - Sterevgraphically projected, as the entire folid Hemi- 
 fobere is thus projected upon the Plane of that great 
Circle which is placed direct before "re He, or whoſe 
Diameter i is NF. 
211. And thus a Pvint I, in the lower Semieircle 
DEF, is projected into the Point H, in the fame 
Diameter FD continues out, beyond the Primitive 
ADE. 
212. On the Point E as a 1 Sith the Radius 
EC, deſcribe the Arch MC, and draw CB; then is 
the Angle CEB = ZAC B (by Euclid's Elements ;) and as 
G is the Tangent of the Angle CEG, ſo it is evident 
the Arch AB is projected into a right Line CG, which 
zs the Tangent of half the Arch, and hence the Babeter 
FD has been called a LINE- ob HaALF- TANGENTS, or 
e anc 
213. Suppoſe B, 1, the two Ebene of a right 
Circle BCI, placed obliquely to DCF, or making an 
Angle with it, BCD; then it is evident the Diameter 


of that oblique Cirels will be wes (by the Eye at 5 


E) into the right Line GH, 

214. Biſect GH in N, on which, as a Center, with 
Radius NG deſeribe the Circle AGELHQ of which, 
the Part AGE is the Projection of that Half of the 
oblique Circle which is above the Primitive; and the 
othet Part SLFHCX | is the Projection of the Semicirele 
below. © 
215. The Diftance of the Centers CN of the Primitive 
and prejected Circles, is equal to the Tangent of the Eleva- 

my the Obitque C Circle above the Plane ** the Primitive, 
i 1 that 


Of the Serens in Plaus. E 


that 5 15, of * Ang le BCD.. For join EN, and with 
Radius EC ſtrike 8 5 Arch CK, cutting EN in K. 


Then (becauſe of the right-angled Triangle GEH, (in 
a Semicitcle GLH pe bave the Angle GEC EHC; 


but GEC A ACB, and EHC = ENC; therefore ENC 


ACB; conſequently CEN=BCD, or the Arch CK 


BD; but CN. is the Tangent of CK, and therefore of 


BD, the Elevation of * Oblique Cirels, which. was to. 


be 3 


216. It is likewiſe at the 7 5 iow evident, that 


EN GN, is the Secant of the ſame Angle CEN or 
BCD; therefore the Secant of the Elevation ſet from G. 


or the Tangent from the Center C, finds the Center N 


of the giyen Oblique Circle to be projected; and 


hence the Line DH is called the Line of Meaſines, for 


all Projections on the Primitive ADEF. 


217. If BI be the Diameter of a ſmall Circle, 9582 | 


to AE the Diameter of a large one (Fig. 27.) ; the 


| center of its Projection N will be diſtant from the Center 
ol the Primitive C by the Secant of its Diflance BF. 


from the nearęſi Pole F of the Primitive ; and its Radius 
will be equal to the Tangent of that Diſtance. For by rea- 


| ſon of the fimilar Triangles GBM and HBM. right 


angled at M, we have the Angle GBM=BHM= 
NBH ; but GBM=GEC=GBC ; ; therefore GBC= 
NBH. If then from the right Angle GBH you deduct 
on one Side the Angle NBH, and to the Remainder 
add the equal Angle CBG, on the other, you will have 
the right Angle CBN. Therefore BN the Radius 


the Projected Circle, is the Tangent of the Angle BCF, 
and CN the Secant thereof. Q. E. D. 


218. To find the Pole of an Oblique Circle AGE 
(Fig: 26.) Through G draw the Line EGB; and 


frore 
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from the Point B ſet off 90 Degrees to P; then from p 
lay a Ruler to E, and it will croſs the Diameter DF. 
in O, the Pole required. Or thus, the. Tangent of 
2DB ſet from C to O, gives the Pole O as before, 
becauſe AP=BD. 
"2M 9. It is an a Principle i in Metiripbies 
that a trait Line OH drawn from the Pole O of any 
oblique Circle to the Primitive, will cut off an Arch 


A from the ſaid oblique Circle equal to the Arch AH 


in the Primitive, which meaſures the Angle ACH, 
For (7. ) Suppoſe the Pole O were in the Center C, 
then the oblique Circle AGE would become the direct 
Circle AFE, or coincide with the Primitive, and the 
Arch AB would become AH, (2) Again, ſuppoſe the 
Pole O were placed in the Primitive at D, then would 
the oblique Circle AGE become the right Circle ACE; 
and the Line DH will cut off a Part Ab equal to AH, 
or Angle ACH (by Art. 212.) as before. Therefore 
(3.) all the while the Pole O is advancing from the 


Periphery at D to the Center at C, the Circle AGE will 


be obligue, and the Line OH will conſtantly cut off a 
Part ABZAH in the Periphery. (See Fig. 28.) 
220. The D lance between the Poles of any two Circles 
in the Projection is equal to the Angle which is formed by 
their Planes at their interſeftion. Thus CO the Diſtance | 
| between the Pole C of the Primitive, and the Pole O 
of the oblique Circle AGE, is equal to AQ PF 
FG, the Meaſure of the Angle of Inclination FAG. 
(by Art. 212). See Fig. 28. 
221. By what has been demonſtrated (at Art 21 5. ) 
it is eaſy to draw an Oblique Circle through any given Point 
P in the Plane of Projection to make a given Angle GIK 
with the Primitive Circle, For if with the T angent of 


the 


of the Serene in F 5 ; 66 


bh the given Angle, and one Foot of the Compaſſes i in C, 
you ſweep the ſmall Arch (ab;) and then with the 
Secant of + the ſaid Angle, and one foot in the given 
Point P, you ſweep another ſmall Arch (cd) to croſs 


| the former in le); then will (e) be the Center, on 


which to draw the Oblique Circle IGL to make the | 

given Angle GIK required. Fig. 30. 
222. To conſlitute an Angle of a given Quantity between 
any two Circles, (1.) Let the Angle be at the Center 
C of the Primitive. Then having adapted the Sector 
to the Radius AC (Fig. 29.) take from the Chords the 
Number of Degrees in the given Angle, and ſet them 
from A to H, and draw CH; and the Angle ACH i is 
that required, | 


223. (2.) Let the Angle bi. at the Peridhery of the e 


Primitive, as at A, (Fig. 26.) Then drawing the two 
Diameters AE and DF at right Angles, take the Tan- 
gent of the given Angle from the Sector, and ſet it from 
C to N; and upon N, with the Radius AN, deſcribe 
the Circle AGE, and it will make the Angle N 
required, (by 215.) 8 
224. (3-) When the Angle i is 5 at the Center 
nor Periphery, but at ſome Point P, contained between 
the Arch of a right Circle PE, and of an oblique one 
PB. (Fig. 29.) Here you proceed thus; ſet the Tan- 
gent of AP from C to N; and upon N, with Radius 
NP, deſcribe the Circle LPMS for a new Primitive; 


and then LM will be a new Line of Meaſures ; and 


fince the Angle BPE is given, the Angle DPB, or 
LPH, is given; therefore (by Art. 221.) you draw 
the oblique Circle HP to make with the Primitive PL, 

* the 
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the given Angle LPH; and then its Complement HPN | 
1s the Angle made, as required, 

225. (4.) Let a given oblique Circle P B be inter- 
ſeed in P by another oblique Circle PG, under a 
given Angle DPG; then in the new Primitive make 
the Angles HPN, and IPN (by Article 221.) ſuch that 
their Difference may be the Angle given HPI, and the 
Thing is done. 

226. By this famous Problem all the Matitprans 
of the Glokk or SPHERE are drawn in Maes, and 
Diagrams, for DiALIIN o, &c. in that which is uſually 
called the Horizontal PROJECTION. Alſo by compleat- 
ing the new Primitive LPM, and all the Meridians 
PH, Pl, &c. You have the common Maps of the 
 WokLD in two HEMISPHERES, upon the Plane of the 
General or Fir MERIDIAN. I ſhall only obſerve fur- 
ther, that if the Radius LN be divided into g equal 
Parts, and through theſe and the Poles P and 8 
_ oblique Circles (as PHS, PIS, &c.) are drawn, they 
will be the MERIDIANs through each 10 Degrees, and 
becauſe they are equidiſtant in the EquaTor LM, as 

they are on the GLoBE itſelf; therefore ſuch a Map is 

ſaid to be on the Globular PRoJECTION, and is the beſt 
of all others. Alſo the ſmall Circles or PARALLELS 
are drawn equidiſtant in the Line PS, and in the Peri- 
phery of the Primitive, in the ſame Manner. 
227. From the Principles premiſed it will not be dif- 
ficult for the young Trigonometer to projet? any Coſe of 
Spherical Triangles he may have Occaſion for, as in the 
following Examples. In a right-angled Spherical TRI- 
ANGLE let there be given the Baſe or one Side 365. 15”, 
and the adjacent Rog 42%. 34 to find the other Parts, 


by 


———— ———— EN 
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by Projection. Deſeribe the Primitive ADEF (Fig. 
31.) and its two Diameters AE,DF; then ſet off 


30. 15, from A to H, from the Chords on the Sector 
fitted to the Radius CA. And (by Art. 221,). draw the 


” Oblique Circle AGE to make an Angle GAF=42? 


34 with the Primitive: and, laſtly, draw the Radius 
C, and the propoſed Tenge ABH, right-dngles at 
H, is projected, as required. 

228. Now to find the Side BH, a part of a fight 
Circle, it is always ſuppoſed (in theſe Projections) that 
the Radius AC is equal to a Line of Half Tangents you 
have on your Rule; then on that Line ſet off the Diſ- 
tance CB, and it will be found to contain 619. 30". 
whence its Complement BH is 289. 300 .. the Side re- 
mm va 
| To Gi the eee AB; gelt find the 
pole 0 of the Oblique Circle AGE (by Art. 218.) 
then lay a Ruler from O to B, it will cut the Primitive 
in (a), then the Arch Aa meaſured on the Line of 
Chords, will be found 449. 52 for the Side AB, as 
required (219) | 
230. To find the Angle ABH. Set go Degrees from N 
H to P; and the Point P will be the Pole of the right 

Circle HI; but the Pole of the oblique Circle AGE is 
O; therefore lay a Ruler from the Angle B to the Pole 
O, and it will cut the Primitive in (5); then the Arch 
Pb, meaſured on the Chords, gives the Angle ABH= 
509. 57 

231. It is TY to ſee that the Triangle BCG, at the 
Center, is the Complement of that at the Periphery 
ABH ; and that they are equally ſolvable by the ſame 
Data, and Proceſs of Operation. 

e e 47. 
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2 32. Let a 2d. Example be the Delineation of an oblique 


Spherical Triangle, wherein two Angles and a Side included 
are given. Draw the Primitive, and its two Diameters 


AE, DF, (Fig. 32) and ſuppoſe the Triangle AHB, 


has the Angle at A=369. 08 „the obtuſe Angle H 5 
104 (or the Angle KHL=769.) and the included Side 


AH go oo”. Then draw the oblique Circle AGE 
to make the Angle GAF=369. 08”; and ſet off from 


the Chords AH=309®. oo; then draw the Diameter 
Hl and the oblique Circle HKI to make the Angle 


KHL=76® oo”; and thus will the Triangle AHB be 


6 projected as lens. 


233. Then, to find the Side AB; firſt find the *Y 


| O of the oblique Circle AGE ; ; and over the Points O 


and B lay a Ruler, and it will cut the Primitive in (a), 


then the Arch Aa, meaſured on the Chords, will be 
found to be 42. o. AB, required, 


234. To find the Side HB; find the Pole P of the 


_ © oblique Circle HKI; and laying a Ruler from P to B, 
it will cut the Primitive in (2; then Hb 3 
; upon the Chords will be found 24® 04=HB, required. 


235. To find the Angle at B; a Ruler laid from B 


to the Poles O and P, will cut the Primitive in c, and d; 


then the Arch (cd) meaſured on the Chords will be 


found to contain 46˙ 18 =ABH, as required. 


236. After all that has been premiſed, the whole 


 THreoxry of a HoRIZONTAL DIAL (which is the moſt 


uſeful of all others) muſt be extremely obvious in every | 
reſpect; for ſuppoſing in Fig. 29. the Primitive ADEF 
to be the Hor1zoN of any given Place; then AP is the 


LATITupE of that Place, P is the Projection of the 


Pole; and KPB, QPG, &c. are Hour Circles of the 
4 Sphere 


of the SPHERE in Fa "BE 69 
Sphere interſecting * Horizon | in | the Points K, Q, 
&c. Ts 


2237. In order to find the Diftances AK, AQ, &c. 
from the MERIDIAN AE, or Circle of XII, you have 


the right-angled Triangle APK in which the Side | 


AP=Latitude, and the Angle APK=to the given 
Hour, are known; by which the Diſtance. AK is 
known for any Hous, Half, Quarter, or Minute if you 
pleaſe. Laſtly, by a Ruler Jaid over the Center C, 
and the Point K, you will draw the Houn-Lixzs upon 
the horizontal PLAIN, as required. 
238. As the young Trigonometer may not have al- | 
ways at hand a compleat Stereographic Projection of the 
Sphere, I have ſupplied him with, one (in Plate IV.) 
upon the PLANE of the Horizon, which will preſent 
moſt of the Horological, Nautical, and Geographical Ideas, 
which he ought to have always freſh in his mind. _ 
| 239. For, fir/l, it gives the Prejection and Poſition of 
all the Hour-CircLEs, and their Inter ſections with the 
Horizon of LondoN, by which the Hour-Lines may be 
immediately drawn on ſuch a Plane; and the Horizontal : 
Dral made for that Metropolis. 
240. Secondly, it preſents a View of the principal : 
PoinTs of the Compass, called the RyHumss; with 
their NAMEs; as alſo with a double Horizon, with 
the Degrees al AzI1MUTH from North and South; and 
_ thoſe of AMPLITUDE from Ee and Ve. 
241. Thirdly, the Contours or Out- Lines. of all the ; 
_ ConTinenTs, viz. of EUROPE, ASIA, AFRICA, and 
AMERICA, are delineated ; and a general Idea of Lon- 
gitude, Latitude, Hour of the Day, Seaſon of the Year, 
L ef Day and Night, Ke. * be eaſily obtained 


from 


: 


- . _— 


o 
- 


from 2 View of it, for any given Part of the World 
with Regard to Gu kAT BriTain, by Means of 
the MeriDians, and PARALLELS of LaTrTuDE. 
Alſo the Bearing, or Paint of the Compaſs on which 
any Part lies, from the CiTy of Lonnon in the 
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